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REAL ANALYSIS Spring 2003
SOLUTIONS TO SOME PROBLEMS

Warning:These solutions may contain errors!!

PREPARED BY SULEYMAN ULUSOY

PROBLEM 1. Suppose f, : X — [0, 0] is measurable for n = 1,2,3, ...;
fizfo>f3>...>20; fulz) — f(x) as n — oo, for every x € X .

a)Give a counterexample to show that we do not have generally the following result.
lim,, fX fndp = fX fdu.

b) Without changing any other assumptions just add one more assumption and prove
that the conclusion is satisfied in this case.

SOLUTION.

a)The standard example is the following.Let f, = 1p, ) for n = 1,2,3,...,where 1x
represents the characteristic function of the set X.Then one can easily show that f =0
but lim, .o [y fndp does not exist.

Consider f, = %1[%00) for n = 1,2,3,...,where 1x represents the characteristic function
of the set X. Then one can easily checks that f = 0 but lim, .o [ fndu does not exist.
Here is another example:In this example we give a counterexample to the case where we
have strict inequality.

Let f = 0.Let f,, = % if —oco <z <nandf, = %+% if n < x < 00.Thus f, strictly
decreases to f = 0 but [, fudu = oo for all n yet [, fodpu = 0.

b) If we assume that f; € Li(X, ) then the conclusion is satisfied.Here is the proof :
Consider the sequence g, = f; — f, since f; > fo > f3 > ... > 0 we have g,.1 > g, >0
for alln =1,2,3,.....Also g,(z) — fi(z) — f(z) as n — co.Now we apply the Monotone
Convergence Theorem to the sequence g, and get lim,, ., f ~ Indpt = f + imy, oo gndpt.
But this means that [, fidu—lim, .o [ fodp = [ fidu— [ fdp.Now since f1 € Ly (X, p)
we can delete the term [ fidp from both sides and get lim, oo [ fudp = [y fdp.

PROBLEM 2. Suppose u(X) < 00, f,, is a sequence of bounded complex measurable
functions on X, and f,, — f uniformly on X. Prove that lim, . fX fodp = fX fdu.
Show by a counterexample that the conclusion is not valid if we omit u(X) < occ.



SOLUTION. We first establish that the function f is integrable.For this note that we
can choose N so large that |fy — f| < €/2 and for any given € > 0.Then we have the
following estimate :

Jx [fldp < [ [fv = fldp+ [ [fvldp < (e/2)(X) + Mpu(X) (¥) where M < oo is a
bound for fy(by assumption f,’s are bounded for all n).Since u(X) < oo the right hand
side of (*) is finite,which shows that f is integrable.Now we have N so that |fy — f| < €/2
for fixed e.Now consider the following estimate for large enough n:

Tl — Fldis < [y 1 — Fldi+ [ 1 — Fldp < (e/2(X) + (e/2)(X).

Since € > 0 is arbitrary and p(X) < oo we have that lim, o [ fudp = [y fdp.

For a counterexample to the case p(X) = oo,consider f,, = 1/n1[0,n) where 1x repre-
sents the charactristic function of the set X. Then one can easily checks that

/ Judp =1,Vn
X

but f = 0.Hence the conclusion does not necessarily hold when u(X) = co.

PROBLEM 3. Suppose f; € Li(X, p).Prove that to each € > 0 there exists a § > 0
such that [ |f|du < e whenever p(E) < 4.

SOLUTION.Define f, = |f| An. ie. f, =|f|, if |f| <nand f, = n ,if |f| > n.Then
fn — |f] as n — oo. Therefore we can use Monotone Convergence Theorem as f,,.1 > f,
and f, > 0.Now choose N so that [, |f — fn| < €/2 for given € > 0.Then we have the
following estimate.

Jolfldp < [ |f = faldp+ [ |fnlde < (€/2) + Nu(E) < €/2 + Nu(E) < e whenever
u(E) < < €/(2N).Thus the assertion is proved.

PROBLEM 4. Let X be an uncountable set,let M be the collection of all sets E C X
such that either £ or E° is at most countable, and define p(E) = 0 in the first case,

u(E) =1 in the second case.Prove that M is a o-algebra in X and that p is a measure
on M.

SOLUTION. The solution is obtained by direct applications of definitions.

M is a o-algebra in X: Clearly () and X are in M.Also suppose F' is a member of M then
we have two cases.Either F'is countable , in this case (F)¢ = F is countable which shows
that F¢is in M or F° is countable which shows that F° is in M. The most interesting
part is to show that M is closed under countable unions.Suppose E;, Fs, Ej, ... is contable
collection of sets each of which is in M.Then we have to consider the following cases:
1.) Suppose each E; is countable.In this case the union will be countable and hence it
will lie in M.

2.) Suppose now that there exists Ej. for some k such that F is uncountable.Then E° is
countable.And by the De Morgan’s Law we have (UE;)¢ C Ef and this shows that the
complement of the union is countable and so the union lies in M.

Therefore M is a o-algebra in X.

1 is a measure on M :We need to show the following assertions.



L)u(0) =0

2.)Countable additivity.i.e.If Ey, Es, Fs, ... is contable collection of sets each of which is
in M then p(UE;) = Su(E;).

The first assertion is obvious as ) is countable.So by definition p((0) = 0.

The interesting part is the second assertion.Suppose first that each of E; is countable. In
this case the union of these sets is also countable.So we have p(UE;) = 0 by definition.On
the other hand since each E; is countable u(E;) = 0 for all i.Thus the second assertion
above holds in this case.

Now suppose that 3 k such that £}, is uncountable.Then Ej is countable and by the De
Morgan’s Law used above we again have (UE;)¢ C Ef which shows that u(UE;) = 1.If
we consider the summation Xu(FE;) we see that it is equal to 1 since the only term that
is nonzero(1) is p(Ey).So we again have the validity of the second assertion.

Thus p defined above is a measure in M.

PROBLEM 5. Let Ej be a sequence of measurable sets in X, such that
Z p(Ey) < 00.(x*)
k=1

a.)Then show that almost all z € X lie in at most finitely many sets Ej.
b.)Is the conclusion still valid if we omit the condition (x)?

SOLUTION.This is known as the Borel-Contelli’s Lemma.There are two ways to do
the part a.)
First Proof:If A is the set of all x which lie in infinitely many Ej, we need to prove that

u(A) = 0.Put
Z 1Ek l’ € X)

where 1x represents the characterlstlc functlon of the set K.Observe that for each z,
each term in this series is either 1 or 0.Hence x € X if and only if g(z) = co.But we
know that the integral of ¢ is equal to the sum in (x).Thus g € L'(u),and so g(x) < oo
a.e.

Second Proof:From set theory we see that the set we are looking for is A = N5, U Ej.
Define F,, = U2, Ei. Then clearly F,, ;1 C F,,.Thus

p(A) = lim p(Fy) = lim p(U3, By) < limyce ) p(E) (+%)

n—00
k=n

But the last term in (%) is the limit of the remainder term of the series (x) which is
finite.Hence it goes to 0.Thus the assertion is proved.

b.)As you guess the conclusion is not valid if we omit the finiteness condition in (x).Here
is a simple example.Take E; = (—o00,1/n).Then the sum in (x) is equal to co.And
A = (—o00, 0] which has measure co.



PROBLEM 6. Find a sequence ( f,,) of Borel measurable functions on R which decreses
uniformly to 0 on R, but [ f,dm = oo for all n.Also,find a sequence (g,) of Borel
measurable functions on [0,1] such that g, — 0 pointwise but [ g,dm = 1 for all n.
(here m is the Lebesgue measure!)

SOLUTION.For the first part f, = 1/nl} «) works(easy Calculus exercise!!).For the
second part one sees that g, = nlp 1/, satisfies all the assertions(again this is easy to
verify).

PROBLEM 7. Show that Monotone Convergence Theorem can be proved as a corollary
of the Fatou’s lemma.

SOLUTION. Applly the Fatou’s lemma to the following sequences (f+ f,,) and (f— f,.).
Since f,, T f both of these sequences are non-negative. Hence, application of the Fatou’s
lemma to the sequence (f + f,) gives liminf [ f, > [ f. And application of Fatou’s
lemma to the sequence (f — f,,) gives limsup [ f, < [ f.Combination of these two
inequalities proves the Monotone Convergence Theorem.

PROBLEM 8. Let f € Lt and [ f < oo, then show that the set
{z: f(z) > 0} is o—finite.

SOLUTION.This follows from the following equality.
Upzi{z : f(x) > 1/n} =A{z: f(z) > 0},

Each of the sets on the left hand side of this equality is of finite measure , since otherwise
f would not have finite integreal. And this shows that the set in question is the union of
sets of finite measure.

PROBLEM 9.
a.)If f is nonnegative and integrable on A, then show that

;ﬂxweAJuanSL@Aﬂmm

b)If [, |f(z)|du = 0, prove that f(z) =0 a.e.

SOLUTION.
a.)This is known as the Chebyshev’s inequality.If Ay = {z : 2z € A, f(z) > c}, then

Aﬂmszf®w+A%f@szf@WZwmm

This proves the result.
b.)By the Chebyshev’s inequality,

p{x:x e A f(z) > 1/n}) < n/Af(a:)d,u =0,Yn=12, ..



Therefore,
p({z:z € A, f(z) #0}) gz ({z:z e A|f(z)>1/n}) =0.

And this clearly proves the desired result.

PROBLEM 10.

a.)Consider a measure space (X, ) with a finite,positive,finitely additive measure p.
Prove that u is countably additive if and only if it satisfies the following condition.
If A, is a decresing sequence of sets with empty intersection then

lim p(A,) =0.

n—0o0

b.)Now suppose that X is locally compact Hausdorff space, that Br is the Borel o—algebra,
and that p is finite, positive, finitely additive measure on Br.Suppose moreover that
is regular, that is for each B € Br we have,

w(B) =sup{u(K): K C B, K — compact}
K

Prove that p is countably additive.

SOLUTION.
a.)Sufﬁcency:Let (B,) be countably many measurable sets which are mutually dis-
joint.Let A, = U2, . B;. Then Ny A, = ().We have

Py Bn) = lim {p(UiL, Bi) + (U, Bi)}

= Jim (3 p(Bo) + p(An)} = 3 (B

Therefore 1 is a measure.The necessity is obvious.
b.) If 1 is not countably additive ,by a.) there is a decreasing sequence (A,,) of measurable
sets with empty intersection such that

lim p(A,) = inf u(A4,) > 0.

n—oo

For each n there exists K, contained in A,,, such that
(An) < p(Ky) +1/27 inf u(Ay).

Then
(A, — N K <ZMA K;) < 1/2inf pu(A;)

=1



which implies that u(N?; K;) # 0 and therefore N, K; # (.
Thus {N,K; : n € N} is a decreasing sequence of nonempty compact subsets in the
compact space K;.S0 N2, K; # (),which contradicts the fact that N>, A, = (.

PROBLEM 11. Let A be Lebesgue measure on R. Show that for any Lebesgue
measurable set ' C R with A(EF) = 1, there is a Lebesgue measurable set A C E with
AMA) =1/2.

SOLUTION. Define the function f : R — [0,1] by f(x) = AME N (—o0,x]), where
x € R.It is continuous by the following inequality

|f(z) = fy)| < |z —yl,

wherex,y € R.Since lim, ,_ f(z) = 0 and lim, . f(z) = 1, there is a point zy € R
such that f(z) = 1/2.Put A = E'N (—o0, xo].

PROBLEM 12. Let m be a countably additive measure defined for all sets in a
o—algebra M.

a.)If A and B are two sets in M with A C B, then show that m(A) < m(B).

b.)Let (B,,) be any sequence of sets in M .Then show that m(U;>, B,,) < > > m(B,).

n

SOLUTION.These are almost trivial statements.

a.)We have B = AU (B — A) and using countable additivity of m by taking other sets
to be empty gives, m(B) = m(A) +m(B — A).But m(B — A) > 0. So the result follows.
b.)By set theory we can find a mutually disjoint sequence (A,) such that U2, A, =
Us® , B,,.So we have,

m(Uiﬁan) = m(UZO:lAn) = Zm(An) < Zm(Bn)a

where the second equality follows from the countable additivity of m and the last in-
equlity follows from the fact that each term in the sum on the left is less than or equal
to the corresponding term on the right.i.e.A, C B,,Vn hence by part a.),m(A,) <
m(By), Vn. So the result follows.

PROBLEM 13. a.)Let (E,) be an infinite decreasing sequence of Lebesgue measurable
sets, that is, a sequence with F, 1 C E,for each n. Let m(E;) be finite, where m is the
Lebesgue meausre. Then show that m(N2, E;) = lim,, o m(E,).

b.)Show by acounterexample that we can not omit the condition m(FE;) is finite.

SOLUTION.
a.) Let B =NX,E;, and let F; = E; — E;11.Then By — E = U2, F;, and the sets F; are
pairwise disjoint.Hence,

m(E, — E) = Zm(m) = Zm(Ei — Ei).



But m(E;) = m(Ey) + m(E, — E), and m(E;) = m(E;+1) + m(E; — Eiyq),since E C Fy
and E; 1 C E;. Since m(E;) < m(F;) < oo, we have m(E; — E) = m(F;) — m(E) and
77’L(E1Z - Ei+1> = m(E,) — m(EZ'+1).ThUS

o0

m(Er) —m(E) =Y (m(E;) —m(Eij1)

=1

= lim Z(m(Ei) — m(Eiyq)

= lim (m(E1) — m(E,)

n—oo

=m(FE,) — lim m(E,

n—oo

Since m(F;) < oo, we have m(E) = lim, ., m(F,)
b.)Let E, = (n,00). Then m(E,) = oo for all n,whereas N°°_, E,, = ().

PROBLEM 14.

a.)Show that we may have strict inequality in Fatou’s Lemma.

b.)Show that Monotone Convergence Theorem need not hold for decreasing sequences
of functions.

SOLUTION.

a.)Consider the sequence (f,) defined by f,(z) = 1ifn < x <n+ 1, with f,(z) =0
otherwise.Then, liminf f(z) = 0 but [ f,(z) = 1,Vn. Hence the strict inequality holds.
b.)Let f,(x) = 0if 2 < n and f,(x) = 1if v > nie.f,(x) = 1n,00) where 1,4
represents the characteristic function of the set A. Now clearly f,, \, 0 but lim, . [ fn
is undefined.Hence M.C.T. does not hold in this case.

PROBLEM 15. Let (f,) be a sequence of nonnegative measurable functions that
converge to f, and suppose that f, < f,Vn. Then show that [ f =lim [ f,.

SOLUTION.We know that f, — f and f, < f,Vn. Therefore we can choose a sub-
sequence f,. such that f,. /~ f as kK — oo. Thus an application of the Monotone
Convergence Theorem to the sequence f,; gives the result.

PROBLEM 16. Suppose A C R is Lebesgue measurable and assume that
m(AN (a,5)) < (b—a)/2

for any a,b € R,a < b.Prove that m(A) = 0.

SOLUTION.If m(A) # 0 there is an n such that m(AN(n,n+1) # 0.There is an open
set U in (n,n + 1) such that

AN(n,n+1)CUC (n,n+1)

\]



and m(U) <m(AN(n,n+ 1))+ ¢,where e < m(AN (n,n +1)).
There are at most countably many disjoint intervals (a;, b;)'s such that U = U,(a;, b;).
Then AN (n,n+ 1) =UAN (a;,b;).We have

m(AN(n, n+1)) }:nzAﬂaw-)SE:@rﬂﬂﬂziﬂ%MU)<1ﬁ0ﬂAﬂ@ﬂH&ﬂ+d

which gives m(A N (n,n+ 1)) < ¢, a contradiction.

PROBLEM 17. Choose 0 < A < 1 and construct the Cantor set K as follows:Remove
from [0, 1] its middle part of length A; we are left with two intervals L; and Ls. Remove
from each of them their middle parts of length A|;|,7 = 1,2, etc and keep doing this ad
infimum. We are left with the set K. Prove that the set K has Lebesgue measure 0.

SOLUTION.Calim : For any n € N, the total length of intervals removed in the n’th
step is A(1 — \)" L

The claim holds for n = 1. Assume that it holds for £ < n. Then the total length of
intervals removed in the k + 1'th step is

k

ML= A1 =07 =M1 =N~

=1

By induction the claim holds for any n € N.
It follows that the Lebesgue measure of K is

1=> A1 =N""=0.
n=1

PROBLEM 18. Let A C [0,1] measurable set of positive measure.Show that there
exist two points ' # 2" in A with 2’ — 2" rational.

SOLUTION.Denote all rational numbers in [—1, 1] by r1, 79, ..., 7, ...Denote A,, = {x+
rn @ € A}. Then m(A,) = m(A) > 0. A, C [—1,2].Thus,

U<, A, C [-1,2].

Suppose that A, N A, = 0 if n # m. Then

}:m [—1,2]) = 3,

which contradics m(A) > 0. Therefore there must be some n, m such that A, N A,, # 0.
Take z € A, N A,,. Then we can find 2/, 2” € A such that

=2 +r,=2"+r,.



’ "o
Thus 2’ — 2" =1r,, — .

PROBLEM 19. Let f : R® — R be an arbitrary function having the property that for
each € > 0, there is an open set U with \(U) < € such that f is continuous on R" — U (in
the relative topology).Prove that f is measurable.

SOLUTION.Let Uy, be an open set such that A(Ug) < 1/k and f is continuous on
R — Uy .Let fiy = flpn_y, (where 1,4 represents the characteristic function of the set
A), thenf;, is measurable.For any € > 0,

m"({: [fe = fl(2) =2 e}) = m*({x € Uy - [f(2)| = €}) < 1/k.

It follows that (fx) converges to f in measure.Since Lebesgue measure is complete f is
measurable.

PROBLEM 20. Prove or disprove that composition of two Lebesgue integrable func-
tions with compact support f,g: R — R is still integable.

SOLUTIONL.It is not true.For example, let f(x) = 1io)(2) and g(x) = 141} (x), where
14 represents the characteristic function of the set A.Then f and g are integrable func-
tions with compact support. But,since g o f = 1, the function g o f is not integrable.

PROBLEM 21. Let (X, M, u) be a positive measure space with p(X) < co. Show
that a measurable function f : X — [0,00) is integrable (i.e. one has [ fdu < oo) if
and only if the series

converges.

SOLUTION. Suppose f is integrable. Then

Sonlfe: f@) = nh) =33 ulfem < () < m+1})

Zmu({x m<f(q:)<m+1})+2u({x m < f(x) <m+1})

Z/ f<$)dﬂ(95)+ﬂ(x)_/X(f—l—l)d,u<oo

m—=0 ¥ {z:m< f(x)<m+1}

| rin- > /{ o S

Conversely,



<Zm—|— p({z:m < f(r) <m+1}) = Z,u{x ) >n}) <

which shows that f is integrable.

PROBLEM 22.
a.) Is there a Borel measure p (positive or complex) on R with the property that

Lﬁw:ﬂm

for all continuous f : R — C of compact support? Justify.
b.) Is there a Borel measure u (positive or complex) on R with the property that

Lﬂm=f@

for all continuous f : R — C of compact support? Justify.

SOLUTION.

a.) Yes. Let u(E) = 1g(0), where 14 represents the characteristic function of the set A,
for any Borel set E.

b.) No. If there were such a Borel measure , let ® > 0 be a continuously differentiable
function of compact support, taking value 1 on [—1, 1].Then a contradiction occurs from
the following limits.

lim [ ®(t)e/"dt = / (t)dt > 0
R

n—o0o R

and
lim (®(¢)e"™) |;_o = Lim (" /n)|,—o = 0.

n—oo

PROBLEM 23. Let f, be a sequence of real-valued functions in L'(R) and suppose
that for some f € L'(R)

/ 1t — F(0)]dt < 1/n? 0 > 1.

Prove that f, — f almost everywhere with respect to Lebesgue measure.

SOLUTION. Since

sup [ 3 [furs = fildt < 301/ D4 1/8) < oc
" k=1 k=1

by Levi’s theorem there is a measurable set E of measure 0 such that for any t € R— F,

N
SUPZ | frr1 — ful(t) < o0
" k=1

10



Therefore for any t € R — F,

n

Falt) = () + ) (fe = frem1)(D)

k=2
converges. It follows that f, — f almost everywhere.

PROBLEM 24. Let m denote the Lebesgue measure on [0, 1] and let (f,,) be a sequence
in L'(m) and h a non-negative element of L'(m).Suppose that

1.) [ fugdm — 0 for each g € C([0,1]) and

ii.) |fn| < h for all n.

Show that [, f,dm — 0 for each Borel subset A C [0, 1].

SOLUTION.For any € > 0, there is a d > 0 such that [, hdm < €, whenever m(E) < .
For such a § there are a compact set K and an open set U such that (1)K C A C U
and (2)m(U — K) < 6. There is a continuous function g : [0, 1] — R such that
(3)0<g<1,(4)g=1o0n K and (5)g = 0 outside U. Then we have

1
lim sup/ fodm =limsup| [ f.ladm)|
A

n—o0 n—oo 0

1
< limsup|/ fngdm| +|/ Jn(la — g)dm|
A 0

n—oo

1
<timsup| [ fugdm| +| [ Klosdm| < ¢
A 0

n—oo

It follows that lim, .. [, fudm = 0.
NOTUFE : Here 15 represents the characteristic function of the set B.

PROBLEM 25.

a.)Prove the Lebesgue Dominated Convergence Theorem.

b.)Here is a version of Lebesgue Dominated Convergence Theorem which is some kind
of extension of it.Prove this.

Let (g,) be asequence of integrable functions which converges a.e. to an integarble
function g.Let (f,) be asequence of measurable functions such that |f,| < g, and (f,)
converges to f a.e. If [ g =1lim [ g,, then [ f =1lim [ f,.

c.) Show that under hypotheses of the part b.) we have [ |f, — f| — 0 as n — oco.
d.)Let (f,) be asequence of integrable functions such that f, — f a.e. with f is inte-
grable.Then show that

J1f = ful = 0asn — oo if and only if [ |f,| — [|f] asn — oo.

SOLUTION.
a.) First let us state the theorem properly.
Let g be integrable over E and let (f,) be a sequence of measurable functions such that

11



|fn] < g on E and for almost all x in £ we have f(z) = lim f,,(xz). Then

/Ef:hm[Efn.

Proof :The function g — f,, is nonnegative so by Fatou’s Lemma we have

[ o=t < timint [ (9= 1)

Since |f| < g, f is integrable, and we have

/Eg—/EfS/Eg—limSUP/Efm
[ 1=t [ .

Similarly, considering g + f,, , we get

/ f< liminf/ fns
E E
and this completes the proof.

b.) We will try to use the same idea as in the above proof. Take h,, := g, — f., by
noting that h,, > 0 and k&, := g, + f..Applying the Foatou’s lemma to these sequences
we get the follwing inequalities combination of which proves the result.

Application of Fatou’s lemma to h, gives limsup [ f,, < [ f and application of the
Fatou’s lemma to k, gives liminf [ f, > [ f.

c.)Take f = 0,9, = |fu| + |f|] and g = 2|f] in part b.).Note that now our sequence is
| fn. — f| which tends to 0 as n — oc.

d.)Suppose [|f—fu| — 0 asn — oo.We have || f,| —|f|| < |fn— f| and this immediately
gives [ |fu] — [1f] as n — oo.

Conversely, suppose that [ |f,] — [|f| as n — 00.We will use part b.).Take g, =
2(|fn] + |f]) and note that g, — 4|f| and note also that |f]| is integrable by Fatou’s
lemma.Now the result follows from part b.) by taking f, = |fn — f| + | fu]l — | f]-

PROBLEM 26. Evaluate

whence

n

lim [ (1+2/n)"e *dux,

n—oo 0

justifying any interchange of limits you use.

SOLUTION. W know that lim,, ...(1+z/n)" = ¢e” and (1+z/n)" < (1+z/(n+1))""1.
Also we have (1 + z/n)" < e®. Therefore we get (1 4+ x/n)"  €*, which gives that

12



(1 + x/n)"e %* < e~*.Therefore we can apply the Dominated Convergence Theorem to
the function (14 x/n)"e® with the dominating function e~*.An easy computation gives,

lim [ (1+z/n)"e *dr = lim Lo (z)(1 4 2/n)"e > dx
= / lim 1y, (z)(1 +z/n)"e > dx = / e Fdxr = 1.
o " 0

PROBLEM 27.

a.) Let (a,) be a sequence of nonnegative real numbers. Set pu(()) = 0, and for every
nonempty subset A of N (set of natural numbers) set u(A) = > _, a,.Show that the
set function p : P(N) — [0, 00] is a measure.

b.) Let X be a nonempty set and let f : X — [0,00] be a function.Define u by
p(A) = > ca f(z) if A# (D and is at most countable, u(A) = oo if A is uncountable,
and (@) = 0.Show that p is a measure.

SOLUTION.
a.) If (A,) is a sequence of pairwise disjoint subsets of N and A = U, A, then note

that
p(A) = 3 =323 a0 = u(An)

keA, n=1 k€A,

neA

This clearly shows that p is a measure.

b.) We need to show the o—additivity of u. For that let (A,) be asequence of pairwise
disjoint sequence of subsets of X. Set A = U2 | A,. If some A, is uncountable then A is
likewise uncountable , and hence , in this case u(A) = > 7, u(A,) = oo holds. On the
other hand, if each A,, is at most countable then A is also at most countable, and so

pA) =) fla)=) 1> f@)]=) nlA)

also holds.Therefore u is o—additive and hence it is a measure.

PROBLEM 28. Let F' be a nonempty collection of subsets of a set X and let f: F —
[0, 00] be a function. Define p : P(X) — [0, 00] by u(P) = 0 and

u(A) = inf{i f(A,) : (A,) C Fyand, A C U2 AL}
n=1

for each A # (), with inf ) = co. Show that u is an outer measure.

SOLUTION.(1) By definition we have u(0) = 0.
(2) (Monotonicity) : Let A C B and let (A,) be a sequence in F' with B C UX | A,,.
Then A C U2, A, and so u(A) <> > f(A,). Therefore

p(A) <inf{d " f(A,) : (Ay) € Foand, B C U2, A} = p(B).
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If there is no sequence (A,,) with B C U | A, then p(B) = oo, and clearly u(A) < u(B).
(3) (Subadditivity) : Let (E,) be a sequence of subsets of X and let F = U, E,.If
> (Ey) = oo, then u(E) < > | u(E,) is obvously ture. So, assume >~ u(E,) <
oo and let € > 0. For each n pick a sequence (A}) of F' with E,, C U2, A} and

> FAY) < p(Ey) +e/2m
k=1
Clearly, E C Uy, U2, A} holds, and so
SN FAY) <D B +€/27 = Zu
n=1 n=1
Since € > 0 is arbitrary , it follows that

WE) = m(UpLyBy) < (B

Therefore i is an outermeasure.

PROBLEM 29. Let f: R — R be a Lebesgue integrable function.Show that

Mg

e
Il

1

lim /f(x)cos(xt)d)\(x) = tlggo f(z)sin(zt)d\(z) =

t—o0

SOLUTION. This is known as the Riemann-Lebesgue lemma. Since simple functions
are dense in integrable functions, it suffices to prove the result for the special case
Jf = 1jap) where 1p represents the characteristic function of the set B. So, let f = 144
where —oco < a < b < 0o. In this case, for each ¢t > 0 we have

]/f(x)cos(xt)d)\(x)\ = ]/ cos(wt)dz| = |sin(xt) /t|"="| = |{sin(bt)—sin(at)}/t| < 2/t,

and so limtﬂoo [ f(z)cos(at)d\(x) = 0 holds. In a similar fashion, we can show that
limy o [ f(z)sin(at)d\(z) = 0.

PROBLEM 30. For a sequence (A,,) of subsets of a set X define

liminf A, = U2, N2 A; and limsup A, = N2, UX, A,

Now let (X, S, i) be a measure space and let (£,,) be a sequence of measurable sets.Show
the following:

a.) p(liminf F,) < liminf p(E,)

b.) If p(Ue, E,) < oo, then p(limsup E,,) > liminf p(E,)

SOLUTION.
a.) Note that N2 FE; / liminf F,, and N°,, C E,, holds for each n.Thus,

p(liminf E,) = lim p(N2, E;) < liminf u(E,).
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b.) Note that U, E; \, limsup E,,. Hence,since pu(UX  E,) < 00

p(limsup E,) = lim p(U2, E;) > limsup p(E,).

PROBLEM 31.

a.) Let X be a nonempty set and let 6 be the Dirac measure on X with respect to a point.
Show that every function f: X — R is integrable and that [ fdé = f(a)d(a) = f(a).
b.) Let p be the counting measure on N (set of natural numbers). Show that a function
[+ N — R is integrable if and only if >~ |f(n)| < co. Also, show that in this case

ffdﬂ = fozl f(n).

SOLUTION.
a.) Note that f = f(a)l{, a.e. holds. Therefore, the function f is integrable and

J fdo = f(a)o({a}) = f(a).

b.) Let f: N — R. Since every function is measurable, f is integrable if and only if
both f* and f~ are integrable. So, we can assume that f(k) > 0 holds for each k.

If ¢, = > p_; f(k)Lixy, then (¢,) is a sequence of step functions such that ¢, / f(k) as

n — oo for each k, and
[ ondu =310 73 10
k=1 k=1

as n — oo. This shows that f is integrable if and only if >"°, f(k) < oo, and in this
case [ fgp =372, f(k).

PROBLEM 32. Let (X, S, 1) be a measure space and let f1, fa, fs, ... be nonnegative
integrable functions such that f,, — f a.e. and lim [ f,du = [ fdp. If E is a measurable
set, then show that lim, .. [, fudp = [, fdp.

SOLUTION. By assumptions the functions filg, folg, f3lg, ...are nonnegative and
integrable (because 0 < f,1gp < f,, ) and f,1g — flg holds. Using Fatou’s lemma we
get

/fdu: /liminffnlEd,u < liminf/fnlEduzliminf/ Fadp.(x)
B E

Similarly, we have
fdp <liminf [ f,du.(*x)

Ee Ee
Therefore,

/fd,u:/fdqu/ fdugliminf/ fodp + limint [ fLdu
E e E Ee
< lim inf(/ fudp + fndp) = lim inf(/ fndp) = /fd,u,
E Ee

15



It follows that

/ fdp + fdp = lim inf/ frndp + liminf frndp,
E Ee E

EC

and from (*) and (**), we see that

liminf/fndu—/fd,u.
E E

Now let (g,) be a subsequence of (f,,). Then ,
gn — [ a.e. and lim,, . [ g,dp = [ fdu. By the above result, we infer that

liminf/gnd,u:/fdu,
E E

and so there exists a subsequence (gi,) of the sequence (gi) such that lim [ 5 Gkndpt =
i) 5 Jdp. In other words, we have shown that every subsequence of a sequence of real
numbers (|| 1 fndit) has a convergent subsequence converging to /, » fdp. This means that

limy, o0 [5; fadp = [ fdp holds.

PROBLEM 33. Let f : [0,00) — R be a continuous function such that f(z+1) = f(x)
holds for all z > 0. If g : [0, 1] — R is an arbitrary continuous function, then show that

1

lim [ g(e)f(ne)de = ( / g(x)de) / f(x)dz).

n—oo 0

SOLUTION. Observe that by induction f(z + k) = f(x) holds for all z > 0 and for
all nonnegative integers k.
The change of variables u = nx yields

[ st@smarde =1pn [ atupmstn =13 [ gtufm e
Letting t = u — 1+ 1, we get

/ilg(u/n)f(u)du:/o g((t+i—1)/n)f(t+i—1)dt:/0 g((t+1i—1)/n)f(t)dt.

Consequently,

| st@rsmye = [ (S vmgtie+i=vmlsod= [ haoc)

where h,(t) = D7, 1/ng((t + 1 —1)/n)]f(t) . Clearly, h, is a continuous function
defined on [0,1]. In addition, note that if |g(z)|] < K and |f(z)] < K hold for each
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x € [0,1], then h,(t) < K? for all ¢t € [0,1].i.e. the sequence (h,,) is uniformly bounded
on [0, 1]. Now, note that if 0 <t <1 then (i —1)/n < (t+i—1)/n <i/n.Thus, if m}
and M denote the minimum and maximum values of g, respectively, on the interval
(i —1)/n,i/n], then m < g((t +i—1)/n) < M holds for each 0 <t < 1. Let
R,=>%" 1/nm!and S, = >  1/nM",

and note that R, and S, are two Riemann sums(the smallest and the largest ones)
for the function g corresponding to the partition {0,1/n,2/n,...,(n — 1)/n,1}. Hence,
lim, o R, = lim,_. S, = fol g(x)dz.From,

() = R f(£)] = I[Z Ung((t +i—1)/n)[f(t) — Rn.f(?)]

n

= [([D_1/ng((t +i—1)/n)] = Ry).f(t)] < (Sn — Ra)|F(2)],

=1

we see that lim,, . h,(t) = f(t) fol g(z)dz and in fact h, converges uniformly. Now, by
(*) and the Lebesgue Dominated Convergence Theorem we obtain

1 1

lim [ g(x)f(nz)dr = lim hy(t)dt

= [t naoiie = [ 50) [ gwaaiae = ([ gy [ swan

PROBLEM 34. Show that [° 2@ gy — T

SOLUTION.Consider the function f(x) = 1,ifz = 0, f(x) = sin*(z)/2%,if0 < z <
1, f(z) = 1/2% ifx > 1.Note that f is Lebesgue integrable over [0, 00).By the inequality
0< % < f(x), we see that the function w is Lebesgue integrable over [0, 00).
Now for each r,e > 0, we have

— arm?2 T
_ Zsini@), / 2sina 2 dy
x . T

dx.

sin’e  sin’r  sinx
+
2

€ r T

€

Thus, we see that

o - 'd .92 [e'e) .
/ smgx)dx i / sin 2(ac)dm _ / szn(az)dx _T
0 x = J, x 0 x 2

e—0T
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PROBLEM 35.
a.)Let (f,) be a sequence of measurable functions and let f : X — R. Assume that

Tim p({z : |fulz) — ()] > €}) = 0(x)

holds for every € > 0. Show that f is measurable.
b.) Assume that (f,) C M satisfies f,, T and f, —* f(i.e. f, goes to f in measure).
Show that

lim fnd,u:/fd,u.

c.) Assume that (f,) C M satisfies f,, > 0 a.e. and f, —* f(i.e. f, goes to f in
measure). Show that f > 0 a.e.

SOLUTION.

a.)We will show that there is a subsequence (f,x) of (f,,) that converges to f a.e. as the
given condition (*) is equivalent to the condition that f,, — f in measure.

Pick a sequence (k,) of strictly increasing positive integers such that p({z : |f.(x) —
f(x)] >1/n}) <27 ™ for all k > k,. Set E,, ;== {x: |f.(z) — f(x)| > 1/n} for each n and
let £ =Ny, U2, Ej.Then,

p(E) < w2, By) <) p(Ey) <27
k=n

holds for all n, and this shows that u(E) = 0. Also, if x is not in F, then there exists some
n such that x is not in U2, Ey, and so | fg, — f| < 1/m holds for each m > n.Therefore,
lim fy,(z) = f(z) for each x € E¢, and so fr, — f a.e. holds. Thus, f is measurable as
limit of a sequence of measurable functions is itself measurable.

b.)By part a.) there exists a subsequence f,; which converges to f a.e. Since f, T, it
easily follows that f,, T f.Now apply the Monotone Convergence Theorem to deduce the
result.

c.) Again by part a.) there exists a subsequence f,; which converges to f a.e. Thus, we
must have f > 0 a.e.

PROBLEM 36. Let g be an integrable function and let ( f,,) be a sequence of integrable
functions such that |f,| < g a.e. holds for all n. Suppose that f, —* f (i.e.f, goes to f
in measure), then show that f is an integrable function and lim [ |f, — f|du = 0.

SOLUTION. By the above exercise we know that if f,, converges to f in measure then
there exists a subsequence f,; of f, which converges to f a.e.Thus, |f| < g a.e. And
application of the Lebesgue Dminated Convergence Theorem gives that f is integrable.
Now, assume on the contrary that lim [ |f, — f|du # 0.Thus, assume that for some
€ > 0 there exists a subsequence (g,) of (f,) such that [ |g, — f|du > e. But we know
that there exists a subsequence (h,,) of (g,) with h,, — f a.e. Now Lebesgue Dominated
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Convergence Theorem implies ) < ¢ < [ |h, — f|ldp — 0, which is a contradiction.
Therefore, we must have lim [ |f, — f|du = 0.

PROBLEM 37. Let f be a.e. positive measurable function and let
=p({re X 27 < f(x) £2'})

for each integer i. Show that f is integrable if and only if >~ 2'm; < cc.

SOLUTION. Let E; == {z € X : 277! < f(z) < 2'},i = 0,+71,+72,...Set ¢, =
S 21p for n=1,2,3,... Then there exists some function g with ¢, T g a.e.Clearly,

1=—Nn

g is a measurable function and 0 < f < g a.e.
Assume that f is integrable. Then, each ¢, is a step function, and by ¢,, < 2f, it follows

that
Z 2im; = hm /¢ndu<2/fdu<oo

1=—00

On the other hand, if Y% 2'm; < oo, then each ¢, is a step function, and so g is
integrable. Since 0 < f < g, f it follows that f is also integrable.

PROBLEM 38.
a.) Let f € Li(p)(ie. fis integrable) and let € > 0. Show that

u({z e X |f(2)] > ) < /!fldu

b.) If f, — f in Ly(p) then show that f, — f in measure.

SOLUTION.
a.) Consider the measurable set £ = {z € X : |f(z)| > €}.Then,the follwing estimate

gives the result.
[z [15edn> [ tpdn= (o)

b.) From part a.) we have the follwing inequality,

i(le € X s |fufe) = @) 2 D) <€ [ 1= ldu

But if f,, — f in L;(u) holds then the right hand side of this inequality goes to 0 and
that shows that f,, — f in measure.

PROBLEM 39. Suppose f is integrable on a set A. Then, show that given € > 0 there

exists a d > 0 such that
[ Fa)dul < e
E

for every measurable set £ C A of measure less than 6.
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SOLUTION. There are various ways to do this. Here is our proof :
The result is obvious when f is bounded, since then

| /E f(x)da] < /E Fldn < (supsesl f @) u(E)

In the general case, let
Ay ={reA:n< fx) <n+1}
By :=UY_ A,
Cy:=A—-By
Then, [, |f(x)|de =377 [, |f(x)|du.Let N be such that

> [ 1w [ sl <

n=N+1

and let 0 < § < Then p(E) < 6 implies

SN

[ 1@t = [ 1@dn= [ It / LI

SO 0uE) + [ 1@< S+ e

PROBLEM 40. Suppose f is integrable function on R(< f € L'(R)).Then, show

that
1im/|ft+:c (2)]dz = 0.

SOLUTION. Note that the result is immediate when f is a step function. Now let f
be an arbitrary integrable function and let € > 0. If f =~ f; + fo + f3 +
f by a step function which can be done as step functions are dense in L'), then there

exists ng € N such that

Z /|fn|dx<—

n=ngo+1

[1ra 0~ s |d$</!anx+t an )
+ Z /\fnx—irt]d:c—l— Z /]fn )|d

n=ngp+1 n=ng+1

We have

20

...(approximate



Since > " | fu(x) is a step function, we have

no
%1_1)% |Zlfn(:v—|—t an )|dz = 0.

Consequently, [|f(t+z)— f(x)|dx < € for sufficiently small t.This proves the result.

PROBLEM 41. Show that every extended real valued measurable function f is the
limit of a sequence (f,,) of simple functions.

SOLUTION. Suppose first that f > 0. For every n = 1,2,3, ..., and for every x € X,
write

falx)=0G—-1)/2if (i—1)/2 < f(z) <i/2,fori=1,2,..2"n

folz) =nif f(zx) >n

Clearly f,, is a nonnegative simple function, and the sequence (f,,) is increasing. If
f(z) < oo, then, for some n,

0< f(z) — fulz) <277

if f(z) = oo, then f,(x) = n for every n.Recalling that the difference of two simple
functions is a simple function, application of the procedure above to f* and f~ separately
proves the result for arbitrary f.

PROBLEM 42. Suppose 4 is a probability measure on X i.e.u(X) = 1.Let Ay, Ay, As, ...
U be sets in the o—algebra U such that > 7" | u(A;) > n— 1. Show that p(N}_;Ag) > 0.

SOLUTION. Since p(AS) =1 — pu(A;), we have Y1 | u(AS) =n— > ", n(A;) < 1.By
the semi-additivity of the measure we have,

p(JA) <> A <1
i=1 i=1
Therefore,

M(ﬂ A)=1- M((ﬂ Ai)) =1~ M(U Af) > 0.
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PROBLEM 43. Suppose f is an integrable function on X = R”.
i) Show that Ve > 0, there exists a measurable set with finite measure such that f is
bounded on A and [, [fldu <€

ii) From this deduce that
lim dp = 0.
L /E | f 1y

SOLUTION.
i)We can assume that f > 0. Consider the following sets

Ay ={z: f(x) =0}, A, ={z:1/n < f(x) <n}, Ax :={z: f(z) = 0}

Clearly, A; C Ay C A3 C ... and also [, (X — A4,) = Ay U A. Note that p(A) =0
as f is integragle. Thus, we have

lim fdu = fd,u—i—/ fdu=0
=00 J(X—Ay) Ao Aco
Therefore Iny such that letting A = A,,, f( X_A) fdu < e. Furthermore, f is bounded

on A by ng and also A has finite measure as n—lo,u(A) < [, fdp < oo
ii) Let A be as in part i) with § instead of €. Let M = sup, f. Then if £ is a measurable
set and p(E) < 557 we have

/fdué/ fdu+/ fdp
E (X—A) (ENA)

S/ fdu—l—/ fdu<E+Mu(E)<E_|_ME:€.
(X—A) (ENA) 2 2 2

PROBLEM 44.

i) Show that an algebra A is a o—algebra if and only if it is closed under countable
increasing unions(i.e. If (£;)32; C A and By C Ey C B3 C ..., then U2, Ej € A.)

ii) Suppose p1, pia, f13, ... are measures on (X, M) and aq, as, as, ... € |0,00). Show that
> L a;p; is a measure on (X, M).

SOLUTION.

i) We just need to show that A is closed under all countable unions since the other
direction is obvious. For that, let (E;) be any sequence of sets in A. Let F} = E; and
F, =U]_,E; for n > 1. Since A is an algebra, F,, € A. Note that F,, C F}, 11, so

[e.9]

GEJZU.FJGA
j=1

J=1

ii) Let m(E) = > ] a;u;(E). It is clear that m(0) = 0 as m(0) = > ] a;p;(0) = 0.1t
is also obvious that m(E) > 0.For the countable additivity, recall the fact that series
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of nonnegative terms can be added and multiplied termwise and rearrenged arbitrarily
without changing the sum. Thus, m is a measure.

PROBLEM 45.
i) Let (X, M, ) be a measure space and E, F' € M. Show that

p(E) + p(F) = (BEUF) + p(ENF).

ii) Given a measure space (X, M, u) and E € M, define pg(F) = u(AN E). Show that
[p 1S & measure.

SOLUTION.

i) Write the set as a disjoint union of two sets as follows £ = (E — F') U (E N F).Now
write F' as the disjoint union F' = (F — E)U (E N F) and E U F as the disjoint union
(E—F)U(F—FE)JU(ENF). Then we have,

WEUF)+u(ENF)=uE—-F)+uF—FE)+2u(ENF)

=wE-F)+puENF)+pu(F-E)+uwENF)

— j(E) + u(F)

ii) Clearly, pug(A) > 0 and pg(0) = 0. Countable additivity is also very easy to verify.
Suppose A, N A,, = ) when m # n, then

NE(U Ap) = p(EN U Ap) = ZN(E NA,) = ZME(AVL)-

PROBLEM 46. We know that if x4 is a measure(in the sense that it is count-
ably additive) then it is continuous from below. {ie. If 41 C Ay C A3 C ..then
w(JA;) = limu(A;)}.Similarly, we know that if w(X) is finite then u is continuous
from above.{i.e. If ... C A3 C Ay C A; then lim, . 1(A,) = u((An).}. Show that
a finitely additive measure is a measure if and only if it is continuous from below.Now
suppose that u(X) < oo. Show that u is a measure if and only if it is continuous from
above.Give a counterexample to show that if 4 is a measure with p(X) = oo then it is
not necessarily continuous from above.

SOLUTION. Suppose that p is a finitely additive and continuous from below. Let
(E;)32, be a disjoint sequence of measurable sets. Then for each n let F,, = U}_, Ej, so
that we have F1 C Fy C ... By finite additivity, u(F,) = >_7_, u(F;), and by continuity
from below,

n—oo

M(U Ej) = u(|J F) = lim p(F,) = limZu(Ej) = ZN(EJ)‘

n=1

23



This clearly shows that p is countably additive, and hence is a measure.
We will try to use previous part. Suppose pu(X) < oo and p is continuous from above.
We will show that under these conditions y is also continuous from below which, together
with previous part, will prove that u is countably additive and hence is a measure. Take
a decresing sequence of measurable sets £; C F, C ..., then ... C ES C EY, and so,
o e} [e.e]
p(lJ E)) = n(X = () ES) = n(X) — ([ ) E)
j=1 j=1 j=1
= p(X) — lim p(E7) = lim [4(X) — u(E7)] = lim u(E;).
Hence p is continuous from below and by the previous part it is therefore countaly
additive.

PROBLEM 47. Let p* be an outer measure on X and let (4;)%2; be a sequence of
disjoint p*— measurable sets(in the sense of Carethedory). Show that p*(EN(UJJ™ A4;)) =
ST p(ENA;) for any E C X.

SOLUTION. First we prove that for each finite n,
p(ENJA4) =D w(EnA4)
j=1 j=1

For this we use induction on n. This statement is obvious when n = 1. Suppose that it
is true for n = k.Let n = k£ 4+ 1 and note that

k+1 k+1 k+1
pw(ENJA) = (EnA) N Aw) + (B0 4)nAg).
j=1 j=1 j=1

k
= (ENAe) + (B0 A) = (BN Aep) + )i (ENA))

J=1 J=1

By the monotonicity of the outer measure , we then have,

p(ENJA) 2 (BEnJA4) = w(En4).
j=1 j=1 J=1
Since n is arbitrary, it follows that
pw(ENJA4) =D w(EnA4)
j=1 j=1

The other inequality follows from the countable subadditivity.Hence equality holds.
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PROBLEM 48. Let f: R — R be a Lebesgue measurable function such that

m({z - |f(z)] > t}) < t%,t > 0.

Prove that there exists a constant C; such that for any Borel set E C R" of finite and

positive measure
/ |f(x)|dx < Cyy/m(E).
E

SOLUTION. N
/|f\dm:/ m({z: |f| > t} N E)dt
E 0

:/\/% ({z: |f|>15}ﬂE)dt—|—/OO m{z:|f] >t} N E)dt

TET

<11\ 1 + / szt =VeVIET+ [

_ /e |E|+\/c_—2\/\/|f CVE].
e

Thus C; = 24/c and therefore the assertion is proved.

PROBLEM 49. Let B(m, 1) be m—dimensional ball of radius 1 centered at the origin
in R™.

a.) Show that there exists a function f: R — [0, 1] such that

m(B(n +1,1)) = m(B(n, 1)) /[f(t)]”dt.

Here m denotes the Lebesgue measure.
b.) Show that [[f(¢)]"dt — 0 as n — .
c.) Show that for any positive number A, A"m(B(n,1)) — 0 as n — 0.

SOLUTION.
a.) Let B(n+1,r) = {x € R": 2% + ..22,, = r}.Integrate over ¢t = z,,.1 to determine
the volume of B(n + 1,1). Then we get,

1

m(B(n+1,1)):/ m(B(n, VI — ))dt

1

1

—2 [ m(Bn, 1) (VI=B)"dt = m(B(n,l))/co oy

-1

where f(t) = 1j_1,1jV/ 1 — t2, here 14 represents the characteristic function of the set A.
The first equality follows from the Fubini’s theorem, and the second equality follows
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from the fact that m(B(n,r)) = r"m(B(n,1)). This fcat follows from a linear change of

variables.
b.) Note that [f(t)]* — 0 pointwise if ¢ # 0 and define f,, := f", then f; > fo >

... >0, fi is integrable and f,, — 0 almost everywhere, so by the first question we have

[1f@))™dt — o.

c.)

A"m(B(n,1)) = A"m(B(n —1,1) /[f(t)”—ldt
= Am(Bn-2,) [1fOF 2t [ (e
=...= A"m(B(0,1)) /[f(t)]odt... /[f(t)]”_ldt

(A/[f(t)]%lt)...(A/[f(t)]”_ldt>.

Here we used the fact that m(B(0,1)) = 1. By part b.), for k sufficiently large,
A [[f@#))Fdt < s <1 for some fixes s with 0 < s < 1. But this shows A"m(B(n, 1)) \, 0.

PROBLEM 50. Let f be an integrable function. Show that
D) p({z: |f(@)] > a}) <5 [|fldp.
i) p({z : [f(z)] = a}) =0o(2) as a — oo.

SOLUTION.
i)

A, 1
x| f(x ap) = d ~—d — du.
pl{ 1)) > a}) /{x:mm} p< /{WM Hap< 1 [ 111d

i) From part i) if @ — oo then u({x : [f(x)| > a}) — 0. This clearly proves the result.

PROBLEM 51. Let (X, M) be a measure space. If f € Lt let A(E) = [, fdp, for
E € M. Show that X is a measure on M, and for any g € L*, [ gd\ = [ fgdp.

SOLUTION. Since f > 0, A(E) = [, fdu > 0, and A\(@) = 0. If A is a disjoint union
of (A,)%,, then

n=1»

A(A) = /A fip = [atdn= [ S vsgin =3 [ 1o pdu=Y /A = YA

Therefore, A is a measure on M.
If g € LT is simple, and g = Y| ag.1p,, then

/gd)\: iak./\(Ek) = iak/Ek Fdp = /iak.lEk.fdu: /gfdu.

26



If g € LT is arbitrary, we can find a sequence (¢,,)3° of nonnegative simple functions that
increases pointwise to the function g. Then the sequence (qbn. f) increases pointwise to
the function ¢.f. Thus, by the Monotone Convergence Theorem,

/gd)\: lim [ ¢,d\ = lim /qﬁnfd,u:/gfd,u.

PROBLEM 52. Let f(z) = 27Y2if 0 < x < 1, f(z) = 0 otherwise. Let (r,,)° be an
enumeration of rationals, and set g(z) = " 27" f(x — r,,).Show that

a.) g € L*(m) and in particular g < oo a.e.( Here m is the Lebesgue measure ).

b.) g? < oo a.e. but ¢g? is not integrable on any interval.

c.) g is discontinuous at every point and unbounded on every interval, and it remains
so after any modification on a Lebesgue null set.

SOLUTION.
a.) Let f, := 1p/n1f, then f,, > 0 for all n and f,,  f pintwise. We have,

1
1

/fndm = fdm = Y20y =92 — 2.(_)1/2'

1/n,1]

1/n n

Thus, since f,, ' f pointwise

/fdm = lim [ f,dm = lim 2 — 2.(1)1/2 = 2.

n—oo n—oo n

Therefore, we have

and this clearly shows that ¢ € L'(m), and g < oo a.e.

b.) Since g < oo a.e., it is also true that g> < co a.e. Fix any interval (a, b) for some
a < b, there is r,, € (a, b) N @ since @ is dense in R. There exists M € N such that
when m > M, r, + - € (a,b). Then

Layg’(z) 2 272nl[rn+i,rn+ﬁ]f(x — 1)’

for m > M. Therefore,

/ g*dm > 2_2”/ f(z —r,)%dm
(a,b) [rntL,rntag]

—9n / Tn+%}(x — ) tdm =27" (ln(m) —In(M )),

[rn‘i’%
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for all m > M, so fa,b) g?dm = fab g?dm can only be oo, and this clearly shows that ¢
can not be integrable.

c.) If g = h a.e., we also have [, [h[*dm = oo for any interval (a,b). Thus, A can not
be bounded on (a,b). Moreover, h is discontinuous at any point x, since otherwise h
would be bounded on some interval containing x.

PROBLEM 53. Compute the following limits and justify the calculations:
a.) lim, oo [ (14 2) "sin(2)dz ;

b.) lim,,_ s fol (1+na?)(1+ 2?) " dr;

c.) lim, oo [ nsin(£)[z(1 4 2%)]~dz;

d.) limy—os [, n(1 +n*2?) 'z, (a € R)

SOLUTION.
a.) For n > 2 we have
Ty—-n . T Ty -2
1+ — )N <(1+=) .
1+ 5 sin(D)] < 0+ 5
Note also that the function (1 + %)_2 is integrable over [0, 00). Thus, by the Dominated
Convergence Theorem ,we have

: °° T\-n . T - T\-n .
nlljg(} i (1—1—5) sm(ﬁ)dx:/o 711;1%10 (1—1—5) sm(ﬁ)dl':().

b.) |(1 + nz?) (1 + xQ)_”‘ <1, and fol ldx = 1. Thus by the Dominated Convergence
Theorem, we have

1 1
lim (1+ msz) (1+ xz)fndx = / lim (1+ nxQ) (1+ :EQ)*ndx =0.

c.) |nsin(Z)[z(1 + 2%)]7!| < (14 2?)7" and note that (1 + 2?)~" is integrable over

[0, 00).Hence, again by the Dominated Convergence Theorem, we have,

o0

lim nsm(%) [z(1+2%)] dz = /000 lim nsm(z) [z(1+2%)] de = /Ooo(1+x2)_1 =

n—oo Jg n—00 n

d.) lim, oo [ n(1 4+ n?2?) " tde = lim, oo [ (14 y*)"'dy = lim, .o arctan(y)[5% = 0
ifa>0;=7%ifa=0;=mifa <0.

PROBLEM 54. Suppose f, and f are measurable complex-valued functions and ¢ :
Cc—C.

a.) If ¢ is continuous and f,, — f a.e., then show that ¢ o f, — ¢ o f a.e.

b.) Show that if ¢ is uniformly continuous and f,, — f uniformly, almost uniformly, or
in measure, then ¢o f,, — ¢o f, uniformly, almost uniformly, or in measure, respectively.
c.) Give counterexamples when the continuity assumptions on ¢ are not satisfied.

SOLUTION.
a.) Since ¢ is continuous by assumption, f, — f implies that ¢ o f,, — ¢ o f , and
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S0 {x i 60fu s 60f} C{x: fu s f}. Thus, pl{z : ¢o fo = 6o f}) = 0 as
uw({x : f, - f}) = 0.Therefore, po f,, — ¢po f ae.

b.) Since ¢ is uniformly continuous, for any € > 0, there exists a d(¢) > 0 such that
|z — y| < d(e) implies that |p(x) — ¢(y)| < €. Now, if f,, — f uniformly, Ve > 0, there
is M € N such that when n > M, for all x € X, |f.(x) — f(z)| < d(¢), and so that
|p o fu(x) — do f| < e. But this shows that ¢ o f,, — ¢ o f, uniformly.

If f, — f almost uniformly, then for any e, es > 0, there is a set £ € F(o — algebra)
and a natural number M € N, such that u(E) < €, and when n; > M for x €
X — E,|fu(x) — f(2)] < d(e2), and so |¢p o f,, — ¢ o f| < €. This clearly shows that
¢ o f, — ¢ o f almost uniformly.

If f, — f in measure, then Ve > 0, u({z : |fu(x) — f(x)] > (€)}) —). Since

{z:lpofu—dofl>ep C{a:|fu—fl>0d(e)},

we have u({x : |¢po f, —¢o f| > €}) — 0. But this means that ¢o f,, — ¢o f, in measure.
c.) A counterexample for a.) is f,(z) = L, f(z) =0, and ¢ = 1.
A counterexample for b.) is X = R, f,(x) =z + %, f(x) =z and ¢(x) = 22

PROBLEM 55. Suppose f, — f almost uniformly, then show that f, — f a.e. and
in measure.

SOLUTION:.First let us recall what it means to converge almost uniformly: It means,
for all €,e5 > 0, there is a set E such that u(EF) < € and x € (X — E) implies
|[fn(2) = f(2)] < €.

Since f, — f almost uniformly, for any n € N, there is F,, € M (o-algebra such that
w(E,) < + and f, — f on E§. Let E = (" E,, then u(E) = 0 and f, — f on
U ES = E°. Thus, f, — f a.e.

Since f, — f almost uniformly, for every €;,e5 > 0, there is £ € M and n; € N
such that p(E) < e and when n > ny, |f.(z) — f(x)| < € for x is not in E, and so

p({x « [fale) = f(2)] = e1}) < p(E) < e2. Thus,
pf{z : | fulz) = f(2)] = e1}) = 0.

Therefore, f, — f in measure as €; and €y are arbitrary.

PROBLEM 56. Show that if f : [a,b] — C is Lebesgue measurable and ¢ > 0, then
there is a set £ C [a,b] such that m(E€) < € and f|g is continuous. Moreover, E may
be taken to be compact.

SOLUTION. Since (.2 {z : |f(z)| > n} = 0, there is M € N such that m({z :
|f(z)] > M}) < §. Let By = {z : |f(z)] < M}, and define h(z) = 1g, f(x). Now
h € L'[a,b], so we can find a subsequence of a sequence of continuous functions (g,)
which tends to f a.e.Without loss of generality we assume that g, — h a.e. Applying

Egoroff’s Theorem, we have E, € M such that m(E5) < § and g, — h uniformly on

E5. Then, we have that h is continuous on E, and so f is continuous on E; N Ey for f
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differs from h only on E;. Now, m((E; N E2)¢) = m(Ef U ES) < ¢, there is an open set
O containing Ef U ES and m(0O) < e. Let £ = O, then E is compact, m(E°) < € and
E C E\N E,, so f is continuous on E.

PROBLEM 57. A measure pu is called semi-finite if every set of infinite measure
contains a subset of finite, nonzero measure. Show that every o—finite measure is semi-
finite.

SOLUTION. Since p is o—finite, we know that
X = U Ejalu(Ej) < 0.
j=1

Without loss of generality we may assume that £ are disjoint. Let A be an arbitrary
set with p(A) = oo. Then,

o0

pA) = > uANE).

Each AN E; has finite measure as it is a subset of £;. Since the sum is oo, at least some
of the sets AN E; must have nonzero measure(actually, infinitely many). Pick any of
them.

PROBLEM 58. Let p be the counting measure on N. Prove that f,, — f in measure
if and only if f,, — f uniformly.

SOLUTION. Assume f,, — f in measure. This means that for any € > 0

pw{x o |fulz) — f(x)| > €}) — 0 as n — oo. Since p only takes integer values, this
is equivalent to : 3N so that u({z : |f.(z) — f(z)| > €}) = 0 for n > N. This says,
|fu(z)— f(z)| < efor n > N and for all . But this says f,, — f uniformly. The converse
is obvious.

PROBLEM 59. Prove that for a > 0,

o 2 a?
/ e " cos(ax)dr = \/me™ 1.

—00

SOLUTION. Define,

e lan)?
ol = 20
and ~ ; )
g(l’) = e_$2 ]2:;(_1)] (?;j))l — 6—352 COSh(a{L‘) _ e_xQ%
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Then, g € L', and |f,(z)| < g(z). Thus, we can use Dominated Convergence Theorem
and integrate the series for f term by term. A simple calculation yields,

/OO 67332 (aa:)Q”d _ a2n ﬁ

. (2n)! ST
Thus,
OO —z? _ = non VT - (_a2/4>n _ —a?/4
/_Ooe cos(ax)dx—nzzg(—l) a M_ﬁ;T_ﬁe _

PROBLEM 60. Let (g,) be an enumeration of rationals in [0, 1]. Define the function

f on [0, 1] by,
flay=">Y_ 2™

n,50,qn<T

(a.) Where is this function continuous/discontinuous?
(b.) Is this function Riemann integrable?

(c.) Is this function Lebesgue integrable?
SOLUTION.

(a.) If x is rational, then x = ¢, for some n. and f(z+) — f(x—) = 27", so f is not
continuous at x.
Let x be irrational. Claim: f is continuous at x. To prove the claim fix € > 0.
Choose N so large that
Z 27" <.
n=N

Now, choose 6 > 0 so small that the interval (x —d,z + ) does not contain any of
the ¢, with n < N. Then for y € (z — §,z + 9),

f@) = fly)l <Y 27" <e

n>N

(b.) The answer is yes. There is a theorem saying, if a function is bounded on a
bounded interval and it has at most countably many points of discontinuity, then
it is Riemann integrable. Our function satisfies the conditions so it is Riemann
integrable.
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(c.) Yes. It is Lebesgue integrable. For this we can use a theorem which says if f is
properly Riemann integrable, then it is Lebesgue integrable.
Or we can try to do it directly. The partial sums

fN(ZL’) = Z 2—n

n<N,qn<x

are non-negative, increasing and bounded above. So either by the Monotone Con-
vergence Theorem or by the Dominated Convergence Theorem f is Lebesgue in-
tegrable.

PROBLEM 61. If f and g are two continuous functions on a common open set in R"
that agree everywhere on the complement of a set of zero Lebesgue measure,then, show
that in fact f and g agree everywhere.

SOLUTION. Let f and g be two continuous functions such that f(z) = g(z), for
all z € A° and m(A) = 0. Consider any point a € A. Consider also the open ball
B(a,r) ={y:|y—al <r}. Since m(A) = 0 and m(B(a,r)) > 0 it is not possible to have
B(a,r) C A for any r > 0. Therefore, for all » > 0, B(a,r) contains points in A¢. Thus,
there exists a sequence of points each lying in A and converging to a.i.e. There exists
(a,,)$e such that a,, € A€ for all n and a,, — a. But, then lim,, ., f(a,) = lim,_ g(a,)
since f(a,) = g(a,) for all n. Since f and g are continuous on A° the above equality
gives,

f(lim a,) = g(lim ay)
= fla) = f(Jim an) = g(lim an) = g(a).

Since, a € A is arbitrary we have g(a) = f(a) for all a € A. Since also f(b) = g(b) for
all b € A we have f(x) = g(x) for any x € R™.
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