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SUMMARY

A frame in a separable Hilbert space H is a sequence of vectors { f,, }e; which
provides a basis-like expansion for any vector in H. However, this representation is
usually not unique, since most useful frames are over-complete systems, and, hence,
are not bases. Furthermore, frames with particular structures—wavelet frames, expo-
nential frames, or Gabor frames—have proven very useful in numerous applications.

Gabor frames, also known as Weyl-Heisenberg frames, are generated by time-
frequency shifts of a single function which is called the window function or the gener-
ator. Not only do Gabor frames characterize any square integrable function, but they
also provide a precise characterization of a class of Banach spaces called modulation
spaces.

One objective of this thesis is to extend the theory of Gabor frames to other
Banach spaces which are not included in the class of the modulation spaces. In
particular, we will prove that Gabor frames do characterize a class of Banach spaces
called amalgam spaces, which include the Lebesgue spaces and play important roles in
sampling theory. Moreover, we will study the behavior of various operators connected
to the theory of Gabor frames on the amalgam spaces.

Another objective of this thesis is to formulate and prove sufficient conditions
on a function to belong to a particular modulation space. Modulation spaces have a
rather implicit definition, yet they are the natural setting for time-frequency analysis.
Consequently it is important to give sufficient conditions for membership in them. We
will prove that certain classical Banach spaces such as the Besov and Triebel-Lizorkin
spaces are embedded in the modulation spaces. These embeddings provide us with

sufficient conditions for membership in the modulation spaces.
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Finally, we will use the theory of Gabor frames to formulate certain boundedness
results for bilinear pseudodifferential operators with non-smooth symbols on products
of modulation spaces. More precisely, we use the Gabor frame expansions of func-
tions in the modulation spaces to convert the boundedness of these operators to the
boundedness of an infinite matrix acting on sequence spaces associated to the modu-
lation spaces. A particular modulation space known as the Feichtinger algebra turns
out to be a class of non-smooth symbols that yield the boundedness of the bilinear
pseudodifferential operators on products on modulation spaces. Additionally, we use
the same decomposition techniques to study the boundedness of the (linear) Hilbert

transform on the modulation spaces in the one dimensional case.
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CHAPTER 1

PRELIMINARIES

1.1 Introduction

In 1946 D. Gabor [31] proposed a decomposition of signals that displays simultane-
ously the local time and frequency content of the signal, as opposed to the classical
Fourier transform which displays only the global frequency content for the entire sig-
nal. He used building blocks generated by time-frequency shifts of a Gaussian, i.e.,

™ and sought an

building blocks of the form gy, ,, = e*™™ g(- — n) where g(z) = e~
orthonormal basis for L?(R) made up of these elementary functions. However, the
Balian-Low theorem [17, Chapter 2] shows that no orthonormal basis can be obtained
in this fashion with any function g as "nice” as the Gaussian. However, by relaxing
the orthonormal basis requirement, and seeking a representation that preserves the
main features of the signal —such as its energy— and that allows stable reconstruc-
tion, Gabor’s idea turns out to yield positive results. More precisely, one can obtain
using Gabor’s scheme some very good and useful substitutes for orthonormal bases:
Gabor frames.

Frames were introduced by R. J. Duffin and A. C. Schaeffer [15] in 1952 while
working on some problems in nonharmonic Fourier series, but they were used little
until the dawn of the wavelet era. Formally, a frame in a separable Hilbert space H

is a sequence {f,}nes for which there exist constants 0 < A, B < oo —called frame

bounds— such that

Al <D KA fIP<BIfIIG - VfeH

nel

It is remarkable that the above inequalities imply the existence of a (canonical) dual



frame { fn}ne 1, such that the following reconstruction formula holds for every f € H:
F=> ()
nel
In particular, any orthonormal basis for H is a frame. However, in general, a frame
need not be a basis and, in fact, most useful frames are over-complete. The redun-
dancy that frames carry is what makes them very useful in many applications.

Gabor frames and wavelet frames are examples of “easily constructible” frames,
and have played important roles in applications as well as in pure mathematics over
the last two decades [14, 46]. From the abstract frame theory of Duffin and Schaeffer
and Gabor’s original idea, the theory of Gabor frames has grown to become a field on
its own right. Notwithstanding the fact that many questions concerning the existence
of Gabor frames remain unsolved, there exist numerous “constructible” examples of
such frames whose generators are well-localized in the time-frequency plane. In such
cases the frames are necessarily over-complete.

A more remarkable property of Gabor frames lies in the characterizations they
provide for a whole class of Banach function spaces. Indeed, a deep result in the area,
due to H. G. Feichtinger and K. Grochenig [23, 24], is the atomic decomposition of
the class of Banach spaces known as the modulation spaces via Gabor frames. These
spaces were introduced by Feichtinger [21] and can be seen as the proper tools to
quantify the time-frequency content of functions. The modulation spaces have since
then found numerous applications. In particular, they appear quite naturally in the
theory of pseudodifferential operators. A pseudodifferential operator is a formalism
that assigns to a distribution o € &'(R*) —the symbol of the operator— a linear
operator T, : S(R?) — S'(R?) in such a way that properties of the symbol can be
inferred from properties of the operator. Moreover, pseudodifferential operators are
encountered in engineering, where they are known as time-varying filters, as well as

in quantum mechanics, where they appear under the name of quantization rules. We



refer to cf. [41, Sect. 14.1] and the references therein for more background on pseudod-
ifferential operators, as well as for their connections with partial differential equations.
A natural question one could ask is to find conditions on ¢ under which T, can be
extended to a bounded operator on L?, or on more general Banach spaces. Sym-
bols in the so-called Hormander class are known to yield bounded pseudodifferential
operators on various Banach spaces, cf. [26, Chapter 2]. In particular, Calder6n-
Vaillancourt [10] proved that if o is smooth enough and has enough decay, then T,
can be extended to a bounded operator on L?. Grochenig and Heil [42] recovered
and extended this result using non-smooth symbols with only a mild time-frequency

concentration as measured by a modulation space norm.

In this thesis we consider three problems centered around the theory of Gabor
frames and the modulation spaces.

The first problem we consider is an extension of the theory of Gabor frames from
its “natural setting” (the modulation spaces) to other spaces. Indeed, because the
LP spaces are not modulation spaces if p # 2 [25], it was not known if these spaces
could be characterized via Gabor frames. In a joint work with K. Grochenig and
C. Heil [39], we show that Gabor frames do characterize a class of Banach spaces
called the amalgam spaces, which include the Lebesgue spaces. Amalgam spaces
are spaces that amalgamate local and global criterion for membership. They appear
naturally in sampling theory, where they are the “right” setting for different problems
[1]. Additionally, we will prove a weak necessary condition on the Gabor frame’s
generator, thereby extending a result due to R. Balan [2].

The second problem we consider is concerned with the modulation spaces. In spite
of being the “right” spaces for time-frequency analysis, their rather implicit definition
makes it very difficult to decide if a function belongs to a particular modulation
space. We formulate sufficient conditions for membership in the modulation spaces by

proving embeddings of certain Banach spaces such as the Besov and Triebel-Lizorkin



spaces into some modulation spaces [50]. The class of Besov and Triebel-Lirzorkin
spaces, includes some well-known Banach spaces such as the Lebesgue, the Holder-
Lipschitz, the Sobolev spaces, and is equipped with a wide variety of equivalent norms.
We refer to [55, Chapter 4], [58, Chapters 1-2] for background on these spaces. The
embedding results we prove can be seen as a comparison among certain properties of
functions, i.e., smoothness and decay versus time-frequency concentration.

The last problem we consider can be viewed as an application of the theory of
Gabor frames. More precisely, we consider the boundedness of bilinear pseudodiffer-
ential operators on modulation spaces. One of the motivation of investigating the
bilinear pseudodifferential operators on the modulation spaces comes from the recent
developments of their linear counterpart in the realm of the modulation spaces. More
precisely, because the Weyl correspondence —which is a particular way of assigning
to a symbol a pseudodifferential operator corresponding to the Weyl quantization
rule— can be expressed as superposition of time-frequency shifts, which are the main
objects used in defining the modulation spaces, it was natural to study the linear
pseudodifferential operators on these spaces. Bilinear pseudodifferential operators
are defined through their symbols as bilinear operators from S(RY) x S(R?) into
S'(RY), and are not just generalizations of their linear counterparts, but are impor-
tant tools in many problems in analysis [49]. A natural question in this context is
again to find sufficient conditions on the symbols that guarantee the boundedness of
the corresponding operators on products of certain Banach spaces. Smoothness and
decay of the symbols are often the conditions needed to prove the boundedness of
these operators [11, 49, 35, 36]. In a joint work with A. Bényi [6], we prove that if the
symbols are in a particular modulation space —the so-called Feichtinger algebra—
then the corresponding bilinear pseudodifferential operators are bounded on products
of modulation spaces. As particular cases, we obtain boundedness results on prod-

ucts of certain Lebesgue spaces using non-smooth symbols. Finally, we prove that



the Hilbert transform is bounded on the modulation spaces, using a discrete tool via
the atomic decomposition of these spaces by Gabor frames and by relying on the L?

theory of the Hilbert transform.

1.2 Owutline of the Thesis

The thesis is organized as follows. Chapter 1 contains a brief survey of the notations
and definitions that will be used in the sequel.

Chapter 2 is mostly expository. In particular, it contains the definition of the
basic tools of time-frequency analysis. Moreover, it contains the definition of the
Gabor frames, as well as their main properties. Additionally, the definition of the
modulation spaces and their atomic decompositions by Gabor frames as well as their
main properties is given in the chapter.

Chapter 3 is devoted to the first main result of the thesis, namely the characteriza-
tion of the weighted amalgam spaces by Gabor frames. To obtain this characterization
we study the behavior of the various operators connected with (Gabor) frames the-
ory. Additionally we prove a weak necessary condition on the generator of the Gabor
frames.

Chapter 4 contains the embedding results of certain Besov and Triebel-Lizorkin
spaces into the modulation spaces. These results provide some sufficient conditions
for membership in the modulation spaces. To obtain these results, we rely on the
numerous equivalent norms defining the Besov and Triebel-Lizorkin spaces as well as
the properties of the short time Fourier transform (STFT).

Finally, Chapter 5 contains some applications of the theory of Gabor frames to
the study of bilinear pseudodifferential operators. In particular, we present in Section
5.1 a boundedness result for bilinear pseudodifferential operators using a discrete
approach via Gabor frames. Section 5.2 is devoted to prove the boundedness of the

Hilbert transform on the modulation spaces again using a discrete approach.



1.3 Notations

The usual dot product of z,y € R? is denoted by z -y = z1y1 + Ta¥s + . .. + TnYpn.
The length of x is |z|.

We use the notation |a| to denote the magnitude of a complex number a.

We use the notation f*(t) = f(—t).

The convolution of f and g is defined formally as (f * g)(z) = [ f(z —t) g(t) dt.

The Fourier transform of a function f is defined formally by
Ffw) = f(w)= » f)e ™ dt  for weR%

Similarly, the inverse Fourier transform of f is defined formally by
FLf) = f(t) = » fw) e*™™t dw for t € R

If E C R?is a measurable set, yz is the characteristic function of E, and we
denote its Lebesgue measure by |E].

If a > 0, we deonote @, the cube in R¢ with side length a, i.e., Q, = [0, a[*.

Let X be a Banach space, then the norm of v € X will be denoted ||u||x or simply
|u|| when the appropriate space is clear from the context. Moreover, if two norms
|- ]|' and || - ||?, are equivalent on a Banach space X we will write ||u||’ =< ||ul]* to

mean the existence of two positive constant C, Cy such that
Cillull' < [lul® < Coflull'  Yue X.

The dual of a Banach space X is denoted X*. We write (f, g) for the action of
feX ongeX.

The adjoint of an operator 1" is denoted by 7.

For 1 < p < oo, p’ will denote the conjugate of p, i.e., % + z% =1.

LP(R?) is the Banach space of complex-valued functions f on R? with norm

1/p
I =10 = [ 15@pas)



for 1 < p < oo. If p =00, the norm is given by
[flloc = esssup | f(z)].
zER?
Similarly, ¢?(Z?) is the Banach space of complex-valued sequences ¢ on Z? with

norm

1/p
el = llello = (Z |cn\p) |

nezd

for 1 < p < oo. If p =00, the norm is given by
lelloe = sup [cnl.
nezZd
We will also consider weighted mixed-norm spaces LP4(R?*?), which are Banach

spaces of complex-valued functions f on R?? with norm

a/p 1/q
Iflaze = ([ ([ 1w vieras) o)

for 1 < p,q < oo, with obvious modifications if p = oo, or ¢ = oco. The weight
function v will be described in the following chapters.
We define similarly the discrete weighted mixed-norm spaces (2% as the Banach
space of complex-valued sequences ¢ on Z?¢ with norm
a/p\ 1/q
leller = (X (Xt itinr) )
lez? “keZd
for 1 < p,q < oo, with usual modifications if p = oo or ¢ = co. The weight 7 is an
appropriate sample of the weight function v, typically v(k,l) = v(ak,8l) for some
a, 3> 0.
We use the notation w, for the function w,(x) = (1 + |z|?)*/? for s > 0.

If E is a measurable subset of R?, we let

£ 1.2 = 11f Xl

denote the norm of the function f restricted to the set E.



If T is a bounded linear operator from a Banach space X to a Banach space Y, we
denote the operator norm of T by ||T||x_y, or simply by ||T|| if there is no confusion.

For a multi-index o = (a, ..., aq), we write |a| = Z?Zl a;. The differentiation
operator D* and the multiplication operator X? are defined by

d

D*f(x) = [[(@=)* f(x),  and  X"f(x) Hmﬂ%f

i=1
S(R?) is the Schwartz space of all infinitely differentiable functions f for which

the seminorms

I larwy = Y- D ID* X7 flls

lo] <M |B|<N

are finite for all non-negative integers M, N. Its topological dual, S’'(R%), is the space
of tempered distributions.

More details on the basic properties of the Fourier transform and more generally,
on some of the theory from real and functional analysis that we will systematically

used in the sequel can be found in many standard analysis texts, e.g., [27], [48], [52].



CHAPTER 11

GABOR FRAMES AND MODULATION

SPACES

A Gabor frame G(g,a,8) = {7 g(- — ak)}neza for L*(R?) provides basis-like
series representations of functions in L?, with unconditional convergence of the series.
However, unless the frame is a Riesz basis (and hence, by the Balian—Low theorem
has poor time-frequency localization), these representations will not be unique. Still,
a canonical and computable representation exists, and Gabor frames have found a
wide variety of applications in mathematics, science, and engineering [14, 17, 18, 41].
An important fact is that Gabor frames provide much more than just a means to
recognize square-integrability of functions. If the window function ¢ is reasonably
well-localized in time and frequency, then Gabor frame expansions are valid not only
in L? but in an entire range of associated spaces MP? known as the modulation
spaces. The frame expansions converge unconditionally in the norm of those spaces,
and membership of a tempered distribution in M2?? is characterized by membership
of its sequence of Gabor coefficients in a weighted sequence space (27, We refer to [41]
for a recent detailed development of time-frequency analysis and modulation spaces.

In this chapter, we review some of the key results regarding Gabor expansions of
L? functions. We then define the modulation spaces and their atomic decompositions

by Gabor frames, which will be used often throughout this thesis.

2.1 Weight Functions

Before delving into Gabor analysis per se, we introduce here a class of weight functions

that appear in most of the subsequent chapters.



2.1.1 Submultiplicative weights

A submultiplicative weight function w is a positive, symmetric, and continuous func-
tion which satisfies

Va,y eRY, wz+y) < w@)w(y)

The prototypical example of a submultiplicative weight is the polynomially-growing
function w,(r) = (1+|x[?)*/2, where s > 0. We also consider weight functions defined

on R?? by making the obvious changes in the definition.
2.1.2 Moderate weights

A positive, symmetric, and continuous function v is called w-moderate function if

there exists a constant C', > 0 such that
Vao,y eRY, v(z+y) < Cow(r)v(y). (1)

If v is w-moderate with respect to w = wy, for some s > 0, we say that v is s-moderate.

For example, v(z) = (1 + |z|)* is moderate with respect to w,(z) = (1 + |z|?)*/?,
where s > 0, exactly for [t]| < s.

If desired, the assumptions of continuity and symmetry of w and v could be
removed, but there would be no increase in the generality of the results. For if w is
a positive, submultiplicative function, then there exists a continuous weight function
wy such that 0 < A < w(z)/wi(x) < B < oo for all z, and similarly for w-moderate
functions v, cf. [41, Sect. 11.1].

If v is w-moderate, then by manipulating (1) we see that

1 1

aty) = oy

so 1/v is also w-moderate (with the same constant). Thus, the class of w-moderate
weights is closed under reciprocals, and consequently the class of spaces LP using
w-moderate weights is closed under duality (with the usual exception for p = o).

This would not be the case if we restricted only to submultiplicative weights.

10



Given an w-moderate weight v on R, we will often use the notation 7 to denote
the weight on Z? defined by (k) = v(ak), and for a weight v on R?*! we define

v(k,n) = v(ak,fn), or v(k) = v(k/(3), the particular choice being clear from context,

2.2 Gabor frames in L?

Before defining Gabor frames we first introduce two operators that play important

roles in time-frequency analysis.

Definition 2.2.1. Given a,b € R? the translation and modulation operators are

defined respectively by

Tft)=f(t—a),  Mf(t)=e"""f(1)

for any function f defined on R%.

Additionally, for ¢ € R, ¢ # 0 we define the dilation operator acting on a function

f defined on R? by
D.f(t) = |e| =" f(t/c).

It is easily seen that the translation, modulation, and dilation operators are uni-
tary on L?, and that they map S and &’ isomorphically onto themselves. The following
lemma collects some basic facts about the translation and modulation operators.

The proof of the following lemma is immediate from the definition so we omit it.

Lemma 2.2.2. Let a,b € R%, c € R,c # 0, and f be a function defined on R?. The

following statements hold.

=}

T, M, f = e~ 2miab M, Taf.

b. D.T,f = TouD.f.

o

. D.M,f = MsD,f.
d T,f =M, f and M, [ =Tpf.

11



f M, T, f =™ M_, T, f.
We are now in position to define Gabor frames.

Definition 2.2.3. Given a window function g € L?(R?) and given a, 3 > 0, we say

that
g(g7a7ﬁ) - {MﬂnTakg}k,nEZd = {e2ﬂiﬁn.g('_ak)}k,neld

is a Gabor frame for L*(R?) if there exist constants A, B > 0 (called frame bounds)
such that for all f € L*(R?),
AlflIE: < Y0 W ManTarg) P < B f72- (2)
k,nezd
We should point out that due to the commutation relations between the transla-
tion and modulation operators, it is trivial to see that the order of the translation and
modulation in the definition of a Gabor frame is irrelevant. Moreover, the image of a

Gabor frame G(g, o, #) under the Fourier transform is another Gabor frame, namely

G(9,8, a).

Definition 2.2.4. Consider the collection of time-frequency shifts G(g, «, 3) gener-
ated by g € L*(R%), and a, 3 > 0.

a. The analysis operator associated with G(g, a, 3) is the operator C, : L*(RY) —
(3(Z**) defined by C,f = ((f, MﬂnTakg>)knezd> for f € L%

b. The synthesis operator associated with G(g, o, B) is the operator R, : £*(Z*) —
L*(R?) defined formally by R,c = kaezd Crn MpnTorg, for ¢ = (Ckn)pneza € 0.

The basic properties of Gabor frames are laid out in the following result; we refer

to [14], [41], or [46] for more extensive treatments of frames and Gabor frames.

12



Theorem 2.2.5. Let G(g,, 3) be a Gabor frame for L*(R?) with frame bounds A,

B. Then the following statements hold.

a. The analysis operator C,f = ((f, Mﬁ”Takg»kneZd 1s a bounded mapping from

L? into (*, and we have the norm equivalence || f||2 < ||Cyf]l e

b. The synthesis operator Ryc = >, | a Ckn MpnTorg is a bounded mapping from
(? into L*. The series defining Ryc converges unconditionally in L* for every

c e’
c. Ry =C}, and the frame operator Sy = R,Cy: L* — L? is strictly positive.

d. The dual window v = S, g generates a Gabor frame G(v, v, () for L*(RY) with
frame bounds 1/B, 1/A.

e. R,C, =1 on L*(R?), i.e., we have the Gabor expansions

f = RCof = Y (f, MpnTury) MpnTurg (3)

k.nezd

for f € LARY), with unconditional convergence of the series.

Proof. a. The fact that C, : L* — ¢* is bounded follows from the second part of

(2); moreover, (2) is precisely the statement that || f]l2 < ||Cyf]le-

b. Let ¢ = (Cn)rner, Where F is a finite subset of Z??. For f € L?, we have

[(Rye, f)] =1 Z ckn{MpnTorg, I)]

k,neF

< Z |C/~m| | (f, MﬁnTak9>|

kneF
1/2
Z |<fa MﬁnTakg> |2)

1/2
(5
kneF kneZd
1/2
< VB fl.z (Z |c1m\2) ,

kneF

13



where we have used the second inequality in (2). By duality we obtain

[Rgcllzz = sup  [(Rye, f)

I£1lL2=1

<VB (Z \c,m|2> v

kneF

for all sequences with finite support. A standard density argument shows that
R, is bounded from ¢? to L? and that the series defining R, converges uncon-

ditionally.

c. For f € L? and ¢ = (¢p)p neza, we have
(Roe, f) = > crn(f. ManTarg)(c, Cof).
k,neza
Hence, R, = €. The frame operator S, = R,Cj is clearly bounded on L

moreover, the first part of inequality (2) implies that S, is strictly positive.

d. The frame inequality (2) can be rewritten as A || f||2, < (S, f, f) < B/ f]3. for
all f € L? or equivalently in operator notation as Al < S, < BI. Moreover,
the above operator inequalities are preserved when multiplied by operators that
commute with each of the terms appearing in the inequalities. Thus, we obtain
that B™1T < S;l < A7'I. Moreover, by some easy computations, one can
show that S, commutes with the translation and modulation operators T, and
Mg,,, and so does S;l. Hence, S;l = 5., which together with the last operator

inequality concludes the proof of this part.

e. Follows from the fact that f = S,5,f, and that S, and S, commute with the
translation and modulation operators Ty, and Mg,

O

In brief, if G(g,a, 3) is a frame for L?(R?) then the ¢>norm of the sequence of

Gabor coefficients ({f, Mg Tukg))rneza is an equivalent norm for L?, and the Gabor
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expansions given by (3) hold in L?. Moreover, for our purposes it is important to
note that once the analysis and synthesis operators are defined, the statement “Gabor
expansions converge in L?” is equivalent to the statement that the identity operator
on L? factorizes as I = R,C,.

In all these statements, and throughout this thesis, the roles of ¢ and v may be

interchanged.

2.3 Modulation spaces

2.3.1 Definition and basic properties

The modulation spaces introduced by Feichtinger are spaces of tempered distributions
defined by imposing some decay condition on their short-time Fourier transforms,

which we next define.

Definition 2.3.1. The Short-Time Fourier Transform (STFT) of a function f € L?

with respect to a window g € L? is

Vif () = (£ ML) = [ e GE=0) ) dr
R
Remark 2.3.2. From the above definition, it is clear that the STFT can be defined
whenever f and g are in dual spaces. In particular, the STFT is well-defined and
scalar-valued when f € & and g € §. Moreover, analogously to the Fourier trans-
form, the STFT extends in a distributional sense to f, g in the space of tempered

distributions &', cf. [26, Prop. 1.42].

The next proposition, whose proof is immediate and will be omitted, collects some

different definitions of the STFT that will be used throughout this thesis.
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Proposition 2.3.3. If f,g € L*(RY), then the following statements are true:
Vof (x,y) = (f, MyT:g)

= (1 T:9)"(v)

=M™ fx (Myg”) (v)

= (f,T,M_.9)

= e 2V (f, M, T,9)

= Y fly, —x).

The next result sheds some light on the behavior of the STFT on L2.

Proposition 2.3.4. Let g € L*(RY), and assume that g # 0. Then for all f € L*(RY)

we have that
[Vafllez = [ fllz2 gl ze-

That is, V, is a multiple of an isometry from L*(R?) into L*(R*?).

Proof. First assume that f € S then, f-T,g € L?*(R?) for almost all x € R%

Therefore, we have
Wt = [ Wt de o

- [[ TR dods

~ [ 0P i

= [[ @Rt - o) deas

= I£11Z llgllZ--

Thus ||V, fllr2 = || fllz2 |g]| 2 for all f € S, and a standard density argument extends

the result to all f € L% O
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The previous proposition shows that on L? the STFT is an isometry (up to a
constant), and hence does not provide any new information beside the conservation
of the energy. However, by imposing other norms on the STF'T, we can better quantify
the time-frequency concentration of functions. More precisely, we have the following

definition.

Definition 2.3.5. Let v be an w-moderate weight on R?? and let 1 < p,q < oo.
Given a window function g € S, the modulation space M?4(R?) is the space of all

distributions f € &’ for which the following norm is finite:

a/p 1/q
e = ([ ([ Wostwerrvtgpas) ") " = sl

with the usual modifications when p or ¢ is infinite.

For background and information on the basic properties of the modulation spaces
we refer to [21], [23], [24], [41]. The definition of the modulation space is independent
of the choice of the window ¢ in the sense of equivalent norms. More precisely, the

following result whose prove may be found in [41, Proposition 11.3.1].

Proposition 2.3.6. Assume that v is w-moderate and that g1, g. € S(R?) and that

gi # 0 when i = 1,2. If 1 < p,qg < oo, let || f||§ps

denote the norm of f in the
modulation space MY as measured by the window g; when i = 1,2. Then there exist
two constants Ci,Cy > 0 such that

_

Cy
||Vg291||L&,

11 < W1 < C2IVggalley, 1113z

The next theorem collects some basic facts on the modulation spaces, its proof

may be found in [41].
Theorem 2.3.7. Let v be an w-moderate weight.

a. For1 <p,q <oo, MP? is a Banach space.
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b. If p,q < 0o, § is a dense subspace of MP9. Moreover, the dual of MP? is the

modulation space Mf;;/q,. More precisely we have that

[fllaza = sup  [{f,9)]

llgll = pr.qr=1
MYy

c. If p1 < p2, and q1 < qo, then MPV" C MP>%.
d. If p,q < oo, then M} is a dense subspace of MP1.

Remark 2.3.8. a. If p = ¢ we denote the modulation space MP?P simply by M?.

Moreover, if v = 1 we simply denote MP4 by MP1.

b. Among the modulation spaces are certain well-known spaces:
oif v(z,£) =1, and p = ¢ = 2, it is easy to see that M? = L2,
o if v(z,&) = (14 |2/?)*? where s > 0, and p = ¢ = 2, then M? = [2 a
weighted-L? space,
o if v(x,&) = (1+ |£]%)%/? where s > 0, and p = ¢ = 2, then M2 = H?, the

standard Sobolev space.
c. L for p # 2 does not coincide with any modulation space [25].

d. The modulation M! has several properties that deserve to be mentioned. It is
a Banach algebra under both pointwise multiplication and convolution. It is
the smallest Banach space that is isometrically invariant under translation and
modulation. Moreover, it is a Segal algebra known as the Feichtinger algebra,
and often denoted Sy, and plays an important role in time-frequency analysis.
We refer to [41] and the references therein for more detail on the Feichtinger

algebra and its weighted version.

The next result, whose proof can be found in [41, Proposition 11.3.1], provides a

characterization of S and its dual &’ in terms of the modulation spaces.
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Proposition 2.3.9. Let v, be the weight function defined on R* by v,(z) = (1 +
12])%, 2 € R*. Then we have
SR =(M2  and  S®RY) =M,
5>0 5>0
The next proposition, due to Feichtinger [21], on complex interpolation of mod-
ulation spaces will be used in the proof of our results in the following chapters. For

more background on complex interpolation we refer to [8, Chapter 4].

Proposition 2.3.10. Let 1 <py <00, 1 < g <00,1<p; <o0,1< ¢ <00, and

1 _1-60 4 0 1 _ 160, 0
0€(0,1). If ;= 5+~ and ; = "=+ - then

(MPO,QO, Mplyfh)[e] — MPe (5)

2.3.2 Gabor frames on modulation spaces

Under stronger assumptions on g, the expansions in (3) are valid not only in L? but
in the entire class of the modulation spaces.

The following result summarizes some basic facts on Gabor frames in the modu-
lation spaces, cf. [41, Ch. 12]. The theorem is not stated in its weakest possible form:;
for example, the boundedness of the analysis and synthesis operators requires only
the assumption g € M, and does not require that g generate a frame for L?. Recall
that the mixed-norm sequence space ¢2¢ consists of all sequences ¢ = (cgp ) nezae Such

that

q/p\ 1/q
lelle = (Z(Zm\pﬂ(k,n)p) ) < o,

n€zZd “kezd

where (k,n) = v(ak, fn), with the usual adjustments when p = oo or ¢ = 0.

Theorem 2.3.11. Let v be an w-moderate weight on R?*?, and let 1 < p,q < oo.
Let g € M} be such that G(g,, 3) is a Gabor frame for L*(RY). Then the following

statements hold.
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. The analysis operator defined by Cyf = ((f, MgnTakg))k nezd Us @ bounded map-

ping from MP9 to (29, and we have the norm equivalence
| £l azpa < ||Cgf||e{;ﬂ-

. The synthesis operator defined by Rqyc = Zk,neZd Chn MpnTorg s a bounded map-

ping from (2% to MP4. The series defining Ryc converges unconditionally in the
norm of MP4 for every ¢ € (27 (weak™ unconditionally in Mf;’fo if p =00 or
q=00).

. The frame operator S, = R,Cy is a continuously invertible mapping of MP4

onto itself.
. The dual window v = Sy g lies in M}.

. R,Cy=1 on M2, i.e., we have the Gabor expansions
f = RCof = Y (f, MgnTury) Mg, Turg (6)
k,n€Zd
for f € MP9 with unconditional convergence of the series if p,q < oo, and with

unconditional weak™ convergence otherwise.

. A distribution f € MJ*>° belongs to M?9 if and only if Cof € (2%, If g € S,

then a tempered distribution f € S'(RY) belongs to M2 if and only if C, f € (7.

In brief, the £2'? norm of the Gabor coefficients ((f, MgnTarg))knezd is an equiva-

lent norm for M2, and the Gabor expansions (3) are valid in M29 with unconditional

convergence of that series in the norm of MP9. Moreover, there is a strong statement

made in part f of Theorem 2.3.11 that is not usually observed in the standard list of

Gabor frame properties in L? (Theorem 2.2.5), namely that [|Cyf||re is not only an

equivalent norm for M2 but membership of f in the modulation space is character-

ized by membership of its sequence of Gabor coefficients C, f in ¢2?. In particular,
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only the magnitude of these coefficients is important in determining whether a given
distribution lies in M29.

The proof of Theorem 2.3.11 requires deep analysis. In particular, the invertibility
of S, on M} for arbitrary values of a, 3 was only recently proved in [43].

In summary, once the analysis and synthesis operators have been correctly defined,
the fact that Gabor expansions converge in the modulation spaces is simply the

statement that the identity operator on M2 factorizes as I = R,C,.
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CHAPTER III

GABOR ANALYSIS IN WEIGHTED

AMALGAM SPACES

Some results on Gabor analysis outside of the modulation spaces were obtained by
Walnut in [59]. In particular, he introduced what is now known as the Walnut repre-
sentation of the frame operator, and considered the boundedness of the frame operator
on LP. Recently, it was independently observed in [34] and [38] that Gabor expansions
actually converge in LP(RY) when 1 < p < oco. Since LP is not a modulation space
when p # 2, it was known that Gabor expansions could not converge unconditionally
in LP [25].

In this chapter we consider a much larger class of spaces than the L” spaces,
namely, we consider the weighted amalgam spaces W (LP, L%). These spaces amalga-
mate a local criteria for membership with a global criteria. We will show that not
only do Gabor expansions converge for the special case LP = W(LP, L?), but that
they converge in the entire range of weighted amalgam spaces. Moreover, member-
ship in the amalgam space is characterized by membership of the Gabor coefficients
in an appropriate sequence space. In the course of obtaining these results, we prove
several results of independent interest on the behavior of the analysis and synthesis
operators associated with the Gabor frame, and on the Walnut representation, which
is an extremely useful tool in Gabor frame theory. Moreover, we include the cases
p = 1,00 or ¢ = 1,00 in our consideration. In particular, we show that Gabor ex-
pansions exist even in L' and in a weak sense in L, given the right interpretation

of “expansion.” Additionally, we obtain some necessary conditions on the window
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g, extending weaker necessary conditions obtained by Balan in [2] for the particular

case W(L? L™).

3.1 Weighted amalgam spaces

3.1.1 Definition

Given an w-moderate weight v on R% and given 1 < p, ¢ < oo, the weighted amalgam
space W (LP, L4) is the Banach space of all measurable functions on R? for which the

norm

1/q
I lwss — (Z If- Takx%ngu(ak)q) )

kezd

is finite, with the usual adjustment if ¢ = oco.

The first use of amalgam spaces was by Wiener, who introduced the spaces
W(L', L?) and W(L? L') in [60] and W (L*>, L") and W (L', L>®) in [61], [62], in
connection with his development of the theory of generalized harmonic analysis. The
space W (L, L') is sometimes called the Wiener algebra (although this term is some-
times used to denote FL'), cf. [51]. Tt was shown in [59] that W (L>, L') is a conve-
nient and general class of windows for Gabor analysis within L?.

Since any cube @, in R? can be covered by a finite number of translates of a
cube (g, the space W(LP, L?) is independent of the value of a used in (7) in the
sense that each different choice of « yields an equivalent norm for W (LP, L2). A wide
variety of other equivalent norms is provided by Feichtinger’s theory of amalgam
spaces [20, 19, 22]. We refer to [44] for an exposition of the “continuous” norms on
the amalgam spaces.

The following lemma provides some useful inclusions among the amalgam spaces.

Lemma 3.1.1. For each w-moderate weight v, we have the following inclusion rela-

tions: if py > po, and q1 < qo, then
WL, L) © W(LP, L) € W(LP L) € WD L)
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In particular, the inclusions W(L>, L) C W(LP,L]) C W(L', L55,) hold for all
1 < p, ¢ < oo and all w-moderate weights v. In this sense W (L>, L!) is the smallest
and W(Ll,L(fjw) 1s the largest amalgam space in the class of amalgam spaces with

w-moderate weight functions.

Proof. The fact that v is w-moderate implies in particular that v(z) < Cw(x) for
some positive constant C' (this follows immediately from (1). Hence the inclusion
W(Lr, L9) C W(LPr, L9') follows from the (7).

Now let f € W(LP', L%). Then

1/q2
T (Z 1 - TuXou |2 u(ak)@)

keZd

1/q2
<c (Z If - TuXou | u<ak>q2)

kezd

1/611
<c (Z If - Tuxou o u(amm) ,

kezd
where we have used the inclusions ¢4 (Z%) C (%2(Z%) (because ¢ < ¢2), as well as
LP(K) C LP2(K) for p; > ps and K a compact subset of RY. Thus we obtain
W (LPr, LT) C W(LP?, L%).
The last inclusion, W (LP2, Lf?) C W(LP2, LY} ) follows again from the fact that v
is w-moderate, and so is 1/v, and so ﬁ < Cw(z) for all z € R4

The last part of the lemma is just an application of the above with p; = oo, ps =

p,q1 =1, and ¢ = q. O

Remark 3.1.2. For p, ¢ < oo, the Schwartz class S and the space of functions with

compact support are dense in W (LP, LY).
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3.1.2 Duality and convergence

We will need to be precise about the meaning of convergence of series. For general
references we refer to the text of Singer [54], and for references on Banach function
spaces we refer to the text of Bennett and Sharpley [5].

The following lemma characterizing unconditional convergence will be useful.

Lemma 3.1.3. Let X be a Banach space with dual space X*, and let f, € X for

k € J. Then the following statements are equivalent.

a. Y ey i converges unconditionally in X, i.e., it converges with respect to every

ordering of the index set J.

b. There exists f € X such that for each € > 0, there exists a finite Fy C J such

that

Vfinite F > F, Hf . ;fk)))( < e

c. For every e > 0, there exists a finite Fy C J such that

Vfinite F' D Fy, sup{z |{fr, h)| : h € X*, ||h]|x- = 1} < e.
k¢ F

Now let X be a Banach function space in the sense of [5]. In particular, this
includes the amalgam spaces W (L?, L%). The Kdéthe dual of X (or the associated
space, as it is called in [5]), is the space X consisting of all measurable functions
h such that fh € L' for each f € X. By [5, Thm. 1.2.9], X is a closed, norm-

fundamental subspace of X*, so in particular,

vieX, |Ifllx = sup{[(f.h)]:heX, |z =1}

By [5, Cor. 1.5.3], X is complete in the o(X, X) topology, i.e., the weak topology on X
generated by X. In particular, a series 3 ey Jrx converges in the (X, X) topology if

> ke fu, h) converges for each h € X. Tt converges unconditionally in that topology
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if the convergence is independent of the ordering of .J, and since the terms (fy, h) are

scalars, this occurs if and only if

Vhe X, D |{fih)] < oo

keJ
Remark 3.1.4. a. If X; and X5 are two Banach function spaces such that X; C
X, then X, C X]. Indeed, let f € X, and g € Xy with ||g||x, = 1, then by the
definition of the Kothe dual, we have that f§ € L', which implies that f € X,

and, moreover,
ol =|[ s s
< [Ifll%, llgllx,

< [If1lx,-

Thus,
111, < [1f1], (8)

b. For every Banach function space X we have X=X , cf. [5, Theorem 2.7].

The dual and Kothe dual of the amalgam spaces are given in the next lemma.

Lemma 3.1.5. Let v be an w-moderate weight.

a. For1 < p,q< oo, the dual space of W (LP, L3) is W (L, LZ//V).

b. For 1< p,q < oo, the Kithe dual of W(L?, L%) is W (L¥, L‘{/V).

Proof.  a. We refer to [28, 19] for the proof of this part.

b. If 1 < p,q < oo, the result follows from part a. Now assume that p = oo or

g = oo. We divide the proof in three parts.
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Case I: 1 < p < oo and ¢ = co. Let f € W(L”, Ly),), and g € W(LP, L) with

lgllwzr,zeey = 1. Then we have

(ol =| [ gt i
< [ 15@llgta)] da

-y / o @llg@) s

kezd

<> TarXully 19 - TarXau Il

kezd
= S F - Tl —— v(ak) llg - TuX,
= v(ak)

1
@l Z @ y(ak)

= [lgllwLr,Lee) Hf”W(LP’,LbD)

= ”fHW(LP/,L%/D)'

Thus,

Il ey < I llwzo 2t )

and consequently, W (L?', L%/V) C W(LP,L%°). From part a and (8), as well as
Remark 3.1.4, we obtain the reverse inclusion, which completes the proof in

this case.

Case II: if p = 0o and 1 < g < oo then the proof is very similar to the above so

we omit it.

Case III: if p = g = o0, we easily see that L%/V C (L), and the proof follows

from the same arguments as above.

27



3.1.3 Sequence spaces

Before stating our results, we must define the sequence spaces that will be associated
with Gabor expansions in the amalgam spaces. We begin by recalling that the Fourier
transform of f € L'(Q1/5) is the sequence f defined by

f(n) = Ffn) = p* ftye 2™ omtaqr nezl
Qi/p

For 1 < p < oo, let FLP(Qy/s) denote the image of LP(Qy/3) under the Fourier
transform. Since Fourier coefficients are unique in LP, if ¢ = (¢p)peze € FLP(Q1/3)
then there exists a unique function m € LP(Qy/g) such that m(n) = ¢, for every n,

and the norm on FLP(Q1/3) is defined by

lellzzr@um = Imllpa s (9)

For 1 < p < oo, Littlewood—-Paley theory can be used to give an equivalent norm

for (9), cf. [16, Ch. 7]. The ongoing development motivates the following definition.

Definition 3.1.6. Let a, § > 0 be given. Then S}* = (1(FLP(Q1/5)) will denote
the space of all FLP(Qq/3)-valued sequences which are ¢i-summable. That is, a
doubly-indexed sequence ¢ = (Cip )k neze lies in SO if for each k € Z% there exists

my, € LP(Q13) such that
mg(n) = Crn, k,neZd

and such that

1/q
lellpr = (X Il 207) < o

kezd

with the usual change if ¢ = oo.

When 1 < p < 0o, we can write my as a Fourier series

mi(r) = D g ™ (10)

nezd
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in the sense that the square partial sums of (10) converge to my in the norm of
LP(Q1/3), cf. [48], [63]. Hence, for 1 < p < oo and 1 < ¢ < oo we can write the norm

on SO as

P q/p 1/q
dx) gw) |

E Chn e27rzﬂn~a:

nezd

lellsp = (Z(/m

kezd

Remark 3.1.7. A Banach function space X is called a solid space if f € X and
lg| < |f| implies that g € X and, moreover, ||g|| < || f]|-

Note that for p = 2, we have via the Plancherel theorem that Sg’q = f?,’q, thus is
a solid space. However, for general p # 2, S2? is not a solid space. In particular,

changing the phases of the ¢, can change the norm of c.

3.2 Boundedness of the analysis and synthesis
operators

In this section, we prove the boundedness of the analysis and synthesis operators on
the amalgam spaces. Moreover, we show that the Walnut representation, which is
an extremely useful tool in Gabor analysis, holds on the amalgam spaces. However,
before presenting these results, we give here some Lemmas that will be needed in the

sequel.
3.2.1 Lemmas

The following lemmas will be important in the sequel. The first lemma is simply a

counting argument.

Lemma 3.2.1. Let o, § > 0 be given. Let K,g be the mazimum number of %Zd—

translates of QQ1/p required to cover any aZ-translate of Q,, i.e.,

Kop =max #{0 € Z : |(5 + Q1/5) N (ak + Qa)| > 0}.

kezd
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Then given 1 < p < oo, we have for any 1/B-periodic function m € LP(Q1/5) and
any k € 72 that

1/
Hme,ak-i-Qa < K, v ||m||p Q18
where K;goo =1.

Proof. Let m be a 1/B-periodic function in LP(Q1/5), where 1 < p < oco. For any
k€ Z¢ define Ay = {l € Z* : |(§ + Qi/p) N (ak + Qa)| > 0}. Then we have:

mmma/ im(@)P d
Clk+ch

-y / ()| Tu Xq, (x) do
5+Q1/s

lezd

=Y [ P T o) de
L+Qu/s

€A,

sz/ im(z)P da
54+Q1/p

leAy

—Z/ x)|P dz

leA, Y Qs

< Kaﬂ / |p dx
Qi/p

= Ko Imllg, ..

If p = o0, then it is easily seen that
||m||oo,ak+Qa < ||m||OO=Q1/ﬁ'
O

The second lemma is a weighted version of an estimate that is useful in the Walnut

representation of the Gabor frame operator on L?, see [59, Lemma 2.2].

Lemma 3.2.2. Let w be a submultiplicative weight, and let o, 8 > 0 be given. Then

there exists a constant C' = C(«, 3,w) > 0 such that if g, v € W(L>®,L.) and the
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functions G,, are defined by (22), then
D 1Gulleow(3) < Cligllwizee L) IVllwizee y)-
nezZd
Proof. 1t follows from the fact that w is w-moderate that || fwl||w (g 1) is an equiv-
alent norm for W (L>, L!). In particular, we have gw, yw € W(L*>, L"), so by [41,
Lemma 6.3.1],
~ d
Y NGullee < (5 +1)° 28 + D lgwllwwe o [11wllwzs o),
nezd
where G, is the analogue of G, with g replaced by |glw and ~ replaced by |y|w.

Hence,

Z HGnHoo w(%) = Z €SS sup

d
nezd nezd TER

Zg(x— 5 — ak)y(z — ak)x

kezd

w((x—ak) — (z — % —C(k))’

< Z ess sup Z 9(z — § — ak)|w(z — 5 — ak)x

d
nezd TERT  pcza

|v(z — ak)|w(x — ak)

= Z HénHoo

nezd

< Cgllwwee,ry 17lwiee,rr)-
]

Finally, we need an estimate on the effect of translations on the amalgam space

norm.

Lemma 3.2.3. Let v be an w-moderate weight. Then for 1 < p,q < oo, we have for

each f € W(LP,L4) and ¢ € Z* that
HTaZfHW(LP,L’,i) < Cyw(al) ”fHW(LP,LZ)-
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Proof. Let f € W(LP,L%), and | € Z*. Then using the fact that v is w-moderate, we
obtain

1/q
S I Tf - T u(amq)

kezd

1/q
_ (Z If- Taw_oxgaugummq)

kezd

1Tl ne) = (

1/q
_ (Z If - TorXo., ||1‘37 via(k + l))q)

kezd

1/q
< Cw(al) (Z 1f - TorXQa I ’/(O‘k)q>

kezd

= Cw(ad) || fllwwr L2)-

3.2.2 Boundedness of the synthesis operator

Theorem 3.2.4. Let v be an w-moderate weight on R?. Let o, 3> 0 and 1 < p,q <
oo be given. Fix g, v € W(L>,LL). Then the following statement is true. Given
c €SP let my € LP(Qn) be the unique functions satisfying mi(n) = ¢, for all k,

n € Z%. Then the series

Ryc = Z my - Torg (11)

kezd

converges unconditionally in W(LP, L) (unconditionally in the
o(W(LP,L2), W(Lp/,L‘{/V)) topology if p = oo or ¢ = o0), and R, is a bounded

mapping from S5 into W (LP, LY).
Proof. We divide the proof into cases. First, we consider the case 1 < p,q < co. We

are given ¢ € SY? and we must prove that the series (11) defining R,c converges

unconditionally in the norm of W(L?, L), and that R, so defined is a bounded
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mapping from S27 into W (L, L) . To show the convergence we will make use of
Lemma 3.1.3.

Fix € > 0. Then, by definition of the norm in S we have that

> Imall? o, , 7(k)" < oo.

Hence there exists a finite set Fy such that

Vfinite FF D Fy, Y Imall} g, ,, 7(R)® < €. (12)
k¢F

Recall that 1/v is an w-moderate weight, and let K,3 be the constant appearing in

Lemma 3.2.1. Fix any h € W (L”, Li’,/y). Then

S| - Torg, B < Z/Rd ime(2) Torg(z) h(z)| dz

k¢F k¢F

- Z Z / [m (%) Targ(z) M(2)| TantarXQ, () dx

k¢F nezd

<3 S 1Tk - TansarXan oo Imallpantarsn X
k¢F nezd

v(ak)
v(an + ak — an)

Hh : ToerakXQa ”p’

< Z 19+ TanXQu lloo *

nezd
C, v(ak)w(an)
}(1h) h/'jgn ot =
kézZF op (7%l +okXQally v(an + ak)
< CRL 3 Nl TanXeu e wlam) x
nezd
1/q
(3 Il , viatyr) =
k¢ F
, 1 e
h"jhn « q/___________7 : 13
(Z I+ Tensenally v(anmk)q) 1)

Combining (12) and (13), we have that

D[k Targ, )] < Ol lgllwiw oy WAy g o
kg F
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Therefore, taking the supremum over all A of unit norm and appealing to Lemma 3.1.3,
we see that Ryc = > my, - To,g converges unconditionally. Further, replacing F' by

Z% in the calculation in (13) yields

[(Rge, h)] <) | (m - Targ, b))

kezd
1
< CoBof Nallwas ay lellsps 1Bl g g (14)

Since W (L”', L‘{/V) is the dual space of W(LP, L?), taking the suprema over all h of

unit norm in (14) shows that
| Rycllwe,zg) = SuP{|<Rgc, h)| : ||h||W(Lp,7L§,/U) — 1}

< O K lgllwzoe,rn lellsea, (15)

so IR, is bounded. This completes the proof for the case 1 < p, ¢ < 0.

When p = oo or ¢ = 00, we make use of the fact that W (L¥, L‘lll/y) is the Kothe dual
of W(LP,L?). The fact that the series defining R,c converges in the weak topology
is given by the same calculations as in (13), (14), and the fact that the Kéthe dual

is a norm-fundamental subspace of the dual space means that we can again estimate

| Ryc||spa by using (15). Hence R, is bounded, and the proof is complete. O

Remark 3.2.5. When 1 < p < oo, the functions my, appearing in (11) can be written
as Fourier series, allowing R,c to be written as the iterated sum

Rye(z) = ) (Z Chn e%iﬁ"-x) Torg(), (16)

k€zd “nezd

i.e., the same series as appears in the Gabor expansions in (3), or more generally the
Gabor expansions in modulation spaces (6). When p = 1 or p = oo, this is not the
case. The functions my are still uniquely determined by ¢, but cannot be written as
Fourier series. When p = ¢ = 2, both the inner and outer sums in the iterated series
in (16) converge unconditionally, and then R,c can also be written as the double sum

given by (6), with unconditional convergence of that series.
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3.2.3 Boundedness of the analysis operator

Theorem 3.2.6. Let v be an w-moderate weight on R?. Let o, 3> 0 and 1 < p,q <
oo be gwen. Fiz g, v € W(L>®,L.). Then the analysis operator defined by Cyf =
((f, MﬂnTakg>)k,nezd is a bounded mapping from W (LP, L1) into S5, Moreover, there
exist unique functions my, € LP(Q1/3) which satisfy my(n) = Cyf(k,n) for all k, n €
74, and these are given explicitly by

=874 (f Tokg) (x — 2)

nezd

= ﬂfd Z (T%f . TakJr%g) (l’) (17)

nezd

The series on the right side of (17) converges unconditionally in LP(Q1/3) (uncondi-

tionally in the o(L>®(Q1/5), L' (Q1/3) topology if p = c0).

Proof. We are given that g € W (L*>, L!) and that 1 < p,q < co. Let f € W(LP, L%),
which is a subspace of W (L', L. ). First we must show that the functions my given
by (17) are well-defined. Since my is the 1/3-periodization of the integrable function
[ - Targ, the series defining my converges at least in L'(Qi/5). To show that the
periodization converges unconditionally in LP(Qq/5) (weakly if p = oo) and to derive
a useful estimate, fix any 1/3-periodic function h € L' (Q1/5). Then for each fixed
k, we have

|3 g =) Tugte — ) o

1/6 nGZd

< [ 1) Tusgle) ) o

= % | 1) Turg() o) s ()

nezd

S Z ||Tak§ : Tozk:—l—omXQa ||oo ||f : Tozk:—l—omXQa ||p

nezd

X
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2l v(ak + an — an)
p,ak+an+Qq I/(O{]{])

1 /
< N g TanXqulloo 1 f - TarranXaully Ko

nezd
Cyv(ak + an)w(an)
||h||p’,Q1/ﬁ I/(ak‘)
/ 1
_ 1/
= CoKo Mo oo Z 19 - TanXqu lloo w(an) x
ne
1f - Tok+anXqullp v(ak + an). (18)

This yields the desired convergence, and taking the suprema in (18) over h with

unit norm implies the estimate

_ 1/p
Imellpg.,s < BCEKY 75 Ynese 19 - TanXaullso wlan) x
If - TokranXau o v(ak + an). (19)

Second, we show that 7;(n) has the correct form. Since 2™ € LP(Q,/3), we

have by the weak convergence of the series defining m; that
g (n) = 3 <mk7 ezmﬂn'z>

_ Z <T§f . Tak+%§, eQﬂiﬁn.x>
tezd ? Qs

= z— ) Toeg(e — £ e~ 2miBn-(z=t/B) o
B B
EEZd Ql/ﬁ

= <fa MﬁnTakg>
=Cyf(k,n).

Finally, we must show that C, is a bounded mapping of W (L, L%) into ST
Given f € W(LP,L%), to show that Cyf € S2? we must show that the sequence r
given by

r(k) = llmillpg,, ke,
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lies in ¢Z. To do this, fix any sequence a € 6‘{/9. Then, using (19), we have

(roa)l < Y Il la(k)]

kezd

< BCEY D 119 TanXaqulloo wlan) x

nezZd
SIS+ TaranXaullp vk + am) fa(k)] =~
P v(ak)
kezd
— 1/p’
< BUICEL Y 19 TanXqulloo wlam)
nezd
1/q
(17 Toteanen gtk 4 amyt)
kezd
;1\
k)4
(X S
kezd
< 0K Nlgllwiws,ay | llwee g llall o - (20)
El/u
Since E‘{/D equals (£1)* when ¢ < oo and is a norm-fundamental subspace when ¢ = oo,

taking the suprema in (20) over sequences a with unit norm yields the estimate

ICofllszs = lrlle < BCK llgllwwee,cn) 1w czy-
Hence Cy is a bounded mapping of W (L, L2) into S5 O
Remark 3.2.7. For the case 1 < p, ¢ < 00, the boundedness of C;; could also be shown
by proving that C,: W(LP,L?) — SP? is the adjoint of R,: Sf;’g/ — W(L¥, L(f//y),

and then using the reflexivity of the space W (LP, L) and the fact that 1/v is also

w-moderate.
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3.2.4 The Walnut representation of the Gabor frame operator on amal-
gam spaces

Theorem 3.2.8. Let v be an w-moderate weight on RY. Let a, 3> 0 and 1 < p,q <
oo be given. Fiz g, v € W(L>®,LL). Then the Walnut representation

_ pg—d T
R.Cof = 37> Gy Tgf (21)

neZd
holds for f € W(LP, L), with the series on the right of (21) converging absolutely in
W(LP,L%), and where

Gn(z) = Z g(x — % — ak)vy(x — ak)

kezd
= > (Tak+%§ - Tor) (). (22)
kezd
Proof. We are given g, v € W(L*>,LL) and 1 < p,q < co. For this proof, let us use
the equivalent norm for W (L?, L) obtained by replacing « in (7) by 1/3. Then by
Lemma 3.2.3,

||T%f||W(Lp7Lg) < Cuw(%) Hf”W(LP,Lg)'

Therefore, using the autocorrelation functions G,, defined in (22), we have for f €

W(LP, L2) that

S G - T Fllwiensy < S 1Gulloe 175 Fllwirs. o

nezd nezad

<C, HfHW(LP,L,‘i) Z HGnHoow(%)

nezd
< Gy [ llwwe,eoy lgllwwee,ze) IVllwze, o),
the last inequality following from Lemma 3.2.2. Hence the series . G, ~T% f converges
absolutely in W (LP, L).
Now fix f € W(LP,L). Then C,f € S2? by Theorem 3.2.6. Letting my be
defined by (17), we have C,f(k,n) = my(n). Further, R,Cyf = > my - Tory, this
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series converging unconditionally if p, ¢ < 0o, or unconditionally in the weak topology

otherwise. In any case, for h € W (L¥, L‘{/D) we have

<]%762f1 h>:: 2{:<7nk 'IEkWS h>

kezd
= Z/ my(z) Topy () h(x) dz
kezd Y R
=5 Z /d Z T f(2) Tar+29(x) Toxy() h(x) dx
kezd nezd
=07 [ T Tk 9l0) T (o) o) d
nezd Re kezd
—pt Y /R T3 f(x) Ga(w) hla) do
::64d 2{:<(;n'irﬁjz h>7
n€zZ4

from which (21) follows. The interchanges of integration and summation can be

justified by Lemma 3.2.2 and Fubini’s Theorem. O

3.3 Gabor expansions in the amalgam spaces

Under the assumption that G(g, , 8) is a frame for L?(R%), we obtain the following
result, which makes precise the characterization of the amalgam spaces in terms of
Gabor frames. In particular, we show in this section that there is an analogue for
the amalgam spaces of the Gabor expansions of functions in the modulation spaces
(see Theorem 2.3.11). This is surprising, because the modulation spaces are the
natural setting for Gabor analysis. And indeed, while Gabor expansions converge
unconditionally in the modulation spaces, the convergence in the amalgam spaces is
conditional in general and even the meaning of the term “expansion” must be handled

appropriately. Throughout, we will use the notation 7(k) = v(ak).
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Theorem 3.3.1. Let v be an w-moderate weight on R, and let o, 3 > 0 and 1 <
p,q < 00 be given. Assume that g, v € W(L>®, L) are such that G(g, o, 3) is a Gabor

frame for L* with dual frame G(v,«, 3). Then the following statements hold.
a. R,Cy=1 on W(LP LJ).
b. We have the norm equivalence || f|lw e L3y < [|Cyf || spa-

c. A function f € W (L, Lcl";w) belongs to W (LP, L) if and only if Cyf € S27.

Proof. We are given g, v € W(L*, LL) such that G(g,a, 3) is a Gabor frame for L?
and 7 is the dual window to g. By Theorem 3.2.6, we have that C,, C,,: W(L?, L) —
SP4 and Ry, Ry: SH* — W(LP, L%) are bounded mappings for each 1 < p,q < oo
and each w-moderate weight v. Further, for the case p = ¢ = 2 and v = 1, the
frame hypothesis implies that the identity R,C,; = I holds on L?, and the definition
of R, given in Chapter 2 coincides in this case with the definition of R, given in
Theorem 3.2.4. Letting G,, be the autocorrelation functions defined in (22), the fact

that R,C, = I holds on L? implies by [41, Thm. 7.3.1] that
4Gy =1ae. and G, =0 a.e. for n # 0.

Consequently, using the Walnut representation (21) of R,C, on the space W (L?, L),
we have for f € W(LP, L) that

RCyf = ") Gu-Tuf = .

nezd

Hence R,C, = I holds on W (LP, L) as well. This proves part a of Theorem 3.3.1.

Next, given f € W(LP, L), we have

I lweryy = 1R Cof llwrers
< B [ICof | sp
< MBNColl 1A T zr,)-
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Consequently, HCngSg,q = || fllw(ze,z8), which proves part b of Theorem 3.3.1.
Finally, we prove part ¢ of Theorem 3.3.1. Let f € W(Ll,ijw) be given. We
must show that f € W(LP,L?) if and only if C,f € SP?. The forward direction,
that if f € W(LP,L?) then C,f € SY is simply Theorem 3.2.6. For the reverse
direction, assume that C,,f € S2?. Then by Theorem 3.2.6, the function f= R, (C,f)
lies in W(L?, L?). However, the factorization R,C; = I holds on every amalgam

space, including W (L', LS /w) in particular, so we also know that f = R,C,f. Thus

f=fe W (LP, L%), which completes the proof. O

Remark 3.3.2. a. Theorem 3.3.1 says that, given an appropriate condition on the
window ¢ and its dual window ~y, a Gabor frame for L? extends to the amalgam spaces
and provides “Gabor expansions” for the amalgam spaces in the sense that we have
the factorization of the identity as I = R,C,. The specific form of these expansions
is that given f, there exist functions my, such that f = R,C,f = > my - T,g. When
1 < p < 00, the functions my can be realized as Fourier series, leading to an expansion
of the form

flx) = R,Cyf(z) = Z<Z< fy M Tog) e%iﬁ"-x) Torg(). (23)

keZd “nezd

The inner sum defining my;, converges conditionally in general, while the outer sum
converges unconditionally.

b. For the case p = 1, the functions m; cannot be written as Fourier series, so
we do not have a series expansion of the form (23). A different approach to the case
p=¢q =1 and v = 1, based on Littlewood—Paley theory, is developed by Gilbert
and Lakey in [33], where they show that Gabor frames can be used to characterize a
Hardy-type space on the line.

c. Theorem 3.3.1c says that if we use the “largest” amalgam space W (L*, Lcl"/’w) as

. . _ . ]
our “universe,” then membership of a function in an amalgam W (LP, L) is character

ized by membership of its sequence of Gabor coefficients in an appropriate sequence
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space. By imposing additional restrictions on g, v, we could enlarge the universe on
which this characterization is valid. In particular, if we required g, v to lie in the
Schwartz class &, then the universe on which this characterization was valid would
be the space &’ of tempered distributions.

d. For the case of the modulation spaces, there is a deep result that states that
if g lies in the Feichtinger algebra M!, then the dual window ~ will lie in M} as
well, [43]. For the case of the amalgam spaces, we do not know if the assumption
g € W(L*>,LL) implies that the dual window 7 also lies in that space. This is an

interesting and possibly difficult open question.

3.4 Convergence of Gabor expansions

As pointed out above, when 1 < p < oo, the synthesis operator R, can be written
as the iterated sum (16). The inner series in this sum converges conditionally in
general, while the outer series converges unconditionally. Our next result shows that
this series can also be written as a double sum as in Theorem 2.3.11, but because the
proof relies on the convergence of Fourier series in LP, the convergence is conditional
in general. In dealing with Fourier series in higher dimensions, it is important to use

the maximum norm |x| = max{|z|,...,|z4|} on R<.

Theorem 3.4.1. Let v be an w-moderate weight. Let o, > 0 and 1 < p < oo,
1 < q < oo be given. Assume that g, v € W(L>®, L) are such that G(g,, ) is a

Gabor frame for L* with dual window ~y. Then the following statements hold.

a. If c € S27 then the partial sums

Skne = Y > e ManTarg, K, N >0,

|k|<K |n|<N

converge to Ryc in the norm of W(LP, L%), i.e., for each € > 0 there exist K,

Ny > 0 such that

VK > Ky, VN> Ny, ”RgC— SKJ\[C”W(LP’LZ) < €.
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b. If f € W(LP, L2), then the partial sums of the Gabor expansion of f,
SK,N(ng) = Z Z <f7 MﬂnTakg> MﬂnTak/y)
<K [n]<N

converge to f in the norm of W (LP, LY).

Proof. We are given g, v € W(L>, L) such that G(g,a, 3) is a Gabor frame for L?
and v is the dual window to g, and we fix 1 <p < oo and 1 < g < o0.
Assume that ¢ € S, and let my, be defined by (17). For N > 0, write
Symy(x) = Z Cp €T
In|<N
for the partial sums of the Fourier series of my. The exponentials {e?™#"*} . form
a basis for LP(Q1,3) [48], [63], so, letting C; denote the basis constant for this system,

we have for each k € Z? that
i lmy — SymillpQ,, = 0 (24)
and

sup [[Snmkllpes < Crllmallpe,,: (25)
N>0

Since ¢ € S, given € > 0, we can find Ky > 0 such that

1/q
vz K (X I, o07) <= (26)

|k|>K

Because of (24) and the fact that K is finite, we can find an Ny > 0 such that

5 £
VN > Ny, sup |lmy — Snmullpq,,, (k) <

- . 27
Ik|< Ko (2Ko + 1)4/4 27)

Now, since ¢ € S2% and 1 < p < oo, we know that R,c can be written as the iterated

series (16). Write the partial sums of the outer series as

SK,OOC = Z (Z Ckn eQﬂiﬁn-x) Takg = Z my ’Takg'

|k|<K “neZzd |k|I<K
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Given K > Ky and N > Ny, write
RgC — SKJVC = (RgC — SKO,ooC) + (SKo,ooC — SKO,NC) + (SKO,NC — SKJVC). (28)

We will calculate the W(LP, L) norm of each of these terms separately.
For the first term, define a sequence r by 74, = ¢, for |k| < Ky and n € VA
and 7, = 0 otherwise. Then Sk, c = Ryr, and R, is a bounded mapping of

SP4— W(LP, L?), so using (26) we have

HRQC - SKo,ooCHW(LP,LZ) = ”Rg(c - r)”W(LP,LZ)
< [|Rgll lle = 7[5z

1/q
= 1l (3 el o0)

|k[>Ko

< [[Blle (29)

For the second term, define sx, = ¢k, for |k| < Ky and |n|] < N, and sg, = 0

otherwise. Then Sk, v¢c = Rys, so using (27), we have

[Sko,00¢ = Skco,nCllw(rr,L2)
< Rl lr = sllgz

1/q
= 1 (X s = Syl , 2041

|k[<Ko

< [[Bylle. (30)

For the third term, define ¢y, = ¢k, for |[k| < K and |n| < N, and t, = 0

otherwise. Then Sg, n¢ = Ryt, so using (25) and (26), we have

[Sro.ne = Sk ncllwwe,ry) < IRl |5 — t]lspa

1/q
IR (X Iswmle,, 204

Ko<[|k|<K

1/q
il X Imlq,, o)

Ko<|k|<K
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|1Sko, e — Skncllwe,rg) < Cil|Rylle. (31)

Applying (29)-(31) to (28), we see that || Ryc — Sk ncllwe,r) < (2+Ch) || Ryll &,

which completes the proof. O

3.5 Necessary conditions on the window

In this section we prove a partial converse to Theorem 3.2.6. In particular, Theo-
rem 3.2.6 implies that if g € W(L>, L}), then C, is bounded on each W(LF,L1).
In the converse direction, if g is a measurable function and 1 < p,q < oo are
given, then in order for C; to be well-defined on W (LP, L), we must at least have
C,f(0,0) = (f,g) = | fg defined for each f € W(LP,L%). Hence fg € L' for all such
f, so we immediately have that g must lie in the Kothe dual of W (L, L?), which is
WL, LY,).

For the unweighted case, we obtain the following further necessary condition in
order that Cy be bounded on W (LP, L*°). For the case p = 2, this result was obtained

by Balan in [2] and published in [4], [3].

Theorem 3.5.1. Leta, 3 >0 and 1 < p < 0o be given. If g € W(L”, L") and C, is

a bounded map from W (LP, L) to SP*>°, then g € W (L*>, LP).

Proof. We assume that g € W(L”, L") is such that Cy is a bounded map from
W(LP, L*>) to SP*°, where 1 < p < 0o, and we wish to show that g € W (L>®, LP).
Let us show first that g € L*°. If not, then given any D > 0 there would exist a set
J contained in some cube % + Q15 and with positive measure such that [g(x)| > D

on J.

Set f = | J‘ll €89y ;. Using the equivalent norm for W (L?, L>) obtained by
replacing « in (7) by 1/8, we have that || f|lw(r ) < 1. By hypothesis, Cyf €

SP>° 5o there exist 1/(-periodic functions my, such that my(n) = C,f(k,n). Since
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f-Twg € L', it is easy to see that my is given by (17). In particular, considering

k = 0 we have

p
ol g, =57 [ |3 s Bgte - )| ds
Qu/pl ez
[rd
- / (@) lg(a) P da
5+Qu/8
> fPipP.

Hence

D < B sup |lmyllpe,,,
kezd

= Bd ||Cgf||SPv°°

< BUNC N flwer,z=y < BIC |

But since D is arbitrary, this contradicts the fact that C, is a bounded mapping.
Hence g must be in L*°.

Now we show that g € W (L>, L?). Fix ¢ > 0, and for each n € Z¢ define
Jn = {zx €5+ Qs 19(@)] = §lglloc,n 40,5}
Then set J, = J, if |J,,| < €, otherwise let J/, be a subset of J,, of measure ¢. Let
N. = sup{N € N: [J| > § for all [n| < N}.

Note that N. — oo as ¢ — 0 (and may even be oo for some ¢). Define f =

e8I 37 <N, Xy, and note that || f{lw iz <) < g!/P. Therefore Cyf € SP>, and
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letting my, be defined by (17), we have

molEg,, =57 Y [ le@P @ d

In|]<N. +Q1/ﬁ

>y (Hg : Q”ﬁ””) 7]

[n|<Ne

> 37277 e Y g TaXaq, 1%

In|<N-
Hence
ﬁpd p+1
Z g - T%XQI/,BHP < SUP ||mk||pQ1/ﬁ
[n[<N. *
ﬁpd2p+1
1C flsp.e
degpﬂ
< IClP AW 2o, e
< i |G
Since N, — oo as € — 0, this implies that g € W(L>, L?). O

Remark 3.5.2. As noted above, the hypothesis g € W(Lp/,Ll) is not a limitation
on the generality of the result, as it is necessary in order that C; can even be defined.
Furthermore, if 1 < p < oo then W(L*, LP) is not contained in W (L, L') nor
conversely, so Theorem 3.5.1 is not a trivial consequence of embeddings of amalgam
spaces. The result is also true if p = 1, but in this case W (L, LP) = W(L*, L") and

there is no new information gained.

We now show that, with a mild hypothesis, we obtain a necessary condition on the
analysis window. This hypothesis is formulated in terms of the following condition;

we refer to [14], [2] for examples.
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Definition 3.5.3. A function f: R? — C has persistency length a if there exists a
d > 0 and a compact set K congruent to @, mod a such that |f(z)| > ¢ for every
r e K.

Theorem 3.5.4. Let o, 3 > 0 and 1 < p < oo be given. Let g, v be measurable

functions on R?. Suppose the following:

a. for each f € W(LP,L>), the series an<f, MpnTorg) Mp,Tory converges un-

p

conditionally in Ly,

b. the frame operators S, = R,Cy and S, = R,C, are bounded mappings of
W (LP, L*®) onto itself,

c. v has persistency length 1/03.

Then g € W (L™, LP).

Proof. Let F C R? be compact. Then by hypothesis, f > ks MsnTorg) Mpn Tory
is a bounded mapping from W (LF, L) into L¥ ., and the series converges uncondi-
tionally in Lj . We first show that f — Spf = > _,u(f MpnTarg)MpnTory is
uniformly bounded on W (LP, L>), with respect to k € Z.
Fix k € Z* and any f € W(LP, L*°). Then the sequence

> (f MpnTakg) MpnTory

In|<N
converges in LP(F) as N — oo, hence is a bounded sequence in LP(F'). Moreover,
because the operators

Sva() = > (- MaaTorg) ManTory,
In|<N

are bounded, we conclude from the Uniform Boundedness Principle that for each fixed

k the sequence of operators { Sy} n>0, are uniformly bounded in N, i.e., for each k
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there is a constant C} > 0 such that
SNk llw(ze,Looy—rr(r)y < CRVN.

Next, given € > 0 and f € W(LP, L>) with || f|lw(zr,z) = 1, there exists Ny > 0

such that [| 3,15 n, (fs MsnTarg) MpnTarY|lp,r < €. Thus,

1Sk (A)llpr < || D (s MonTurg) ManTory||  +
In|>No P,
Z <f7 MﬁnTakg>MﬁnTak’Y
In|<No 24
S Ck + €.

Letting € — 0, we conclude that ||Sk(f)||,.r < Ck. It then follows that Sy is a bounded
operator from W (LP, L*) into LP(F'). Now because ), ;4 Sk(f) converges in LP(F),
we know that Si(f) is bounded independently of k, so by the Uniform Boundedness
principle, we conclude that ||Sk|lw(re,ro0)—re(ry < C(F) for all k € Z. Moreover, it

is easy to see that

|Skllw e, Looy—rr(Fra) = |Sk=1llw(zr.ooy—rr(r)y < C(F).

Thus if we let F' = Qq then ||Sp(f)|lp.r < C(F)|fllw(zr,z). On the other hand,

taking ' and § > 0 as in the definition of persistency, for any k € Z¢ we have

Z (f, MgnTorg) May Torry = ISk (f)lp,Frak

nezd e
B Hw.) D My Tag)e®™
nezd -
> 534 || m, prQl/ﬁ'
Therefore,

Imellprs < 07 B NSk (F)lprrar < CO B fllwer=y Yk € Z7.
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Hence,

|Cfllspe = Sl;p ||mk||P:Ql/,8 <Cs'pe ||f||W(LP7L°°)'

Thus, we conclude by Theorem 3.5.1 that g € W (LP, L*), which concludes the proof.
O
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CHAPTER 1V

EMBEDDINGS OF BESOV,
TRIEBEL-LIZORKIN SPACES INTO

MODULATION SPACES

The apparently simple definition of the modulation spaces (see Chapter 2) hides
the practical problem of how to decide whether or not a distribution belongs to
a given modulation space. In principle one has to estimate the LP? norm of the
STFT, which can be a non-trivial task. Therefore it is important to understand the
relationship between time-frequency content and other properties of distributions,
e.g., smoothness properties. Such relationships may appear in the form of embeddings
of certain spaces that measure smoothness and/or decay into modulation spaces.
For example, Grochenig in [40], Galperin and Grochenig in [32], and Hogan and
Lakey in [47] derived sufficient conditions for membership in the modulation space M*
from certain uncertainty principles related to the STFT. Another interesting example
appears in [45], where Heil, Ramanathan and Topiwala obtained an embedding that
is particularly important in relation to pseudodifferential operator theory.

In the present chapter we prove sufficient conditions for a tempered distribution
to belong to certain (unweighted) modulation spaces by proving some embeddings of
classical Banach spaces such as the Besov, Triebel-Lizorkin, or Sobolev spaces into the
modulation spaces. As corollaries, we obtain some embeddings which generalize the
embedding from [45] mentioned above, and, moreover, we will give an easy sufficient
condition for membership of a distribution in M! in the special case of dimension

d=1.
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Other embeddings results between modulation spaces and Besov spaces were ar-
rived at independently and by different techniques by P. Grobner [37], and J. Toft
[56].

4.1 The Besov and Triebel-Lizorkin Spaces
Let ¢y € S be a function such that

0<(z) <1,
() =1, if |z <1,
W(z) =0, if |z|>3/2.
Define
$o(z) = (),
o1(x) = (3) — ¥(=),
dr(z) = p1(27712), k=2,3, ...

Then {¢}72, is a partition of unity, and satisfies
supp(dr) C {v € RT: 2871 < |z| < 3. 281}

Definition 4.1.1. Let s e R, 1 < ¢ < o0, and f € S'.

(i) For 1 < p < oo the Triebel-Lizorkin space F};  is defined by:

[e.e]

R p/q 1/p
feF;,q:»|rfr\F;,q:(4d(Z2skq|f1<¢kf><x>\q) dx) coo (32

k=0
(ii) For 1 < p < oo, the Besov space B, , is defined by:

Bz,q:(§25kq( f—1<¢kf><x>|f’dx)m)<oo. (33)

feB,, < |l |
Rd

(iii) For p = oo, the Triebel-Lizorkin space I3, is defined by:

) A oo 1/q
JEFL, & Hfelieo, [f= Z}—_l((bkfk)v sﬂg}) (Z oksq |fk($)|q) < 0,
k=0 k=0
(34)
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with norm

00 1/q
Id Fy, = inf (sudp (Z 2k8q|fk(9€)|q) )’
RT Ng=0

the infimum being taken over all admissible representations.

(iv) For 1 < p < oo, the fractional Sobolev space H is defined by:

feH, < |f|

w= ([ 17 e o) Ve

Remark 4.1.2. The classes of Besov and Triebel-Lizorkin spaces comprise many of
the spaces encounter in analysis, e.g., we have the following identifications whose

proofs may be found in [57, Sect. 2.3.5].

a. f 1 <p=gq<ooands€R,then By = F;  this follows from the definition.

b. If 1 < p < oo, then F), = LP.
c. [f1<p<ooandsé€R,then Fj,=H,.

Moreover, for 1 < p,q < oo and s > 0 we have that B, C L, additionally if
p < 0o we also have F; C LP. We refer to [58, Sect. 2.3.2] for the proof of these last
assertions.

More generally, we refer to [57], [58], [53] and [55] for background and information

about the Triebel-Lizorkin, Besov, and Sobolev spaces.

Because the Besov and the Tribel-Lizorkin spaces have been rediscovered (under
different names) by various authors, they have a number of equivalent definitions. We
collect here some of those results that will be needed in the sequel: Propositions 4.1.3
and 4.1.4 give equivalent definitions of FJ and B} , respectively, while Proposition

4.1.5 is a result on interpolation of Besov spaces.

The following result is proved in [57, Proposition 1, 2.3.4].
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Proposition 4.1.3. Let se R, 1 <p< o0, and 1 < qg<oo. Iff€ S then f € F

if and only if

oo X 00 p/q 1/p
e C I f =S F onf), ( / (szsq fk(:v)|q) dx) < 0. (36)
k=0 R\ 2o

Furthermore,
o0 i p/q 1/p
inf / ( 2% fr(x q) d:p)
(/. > 2o

is an equivalent norm on F; . where the infimum is taken over all admissible repre-

sentations of f.
See [53, Theorem 2, 2.3.2] for a proof of the following result.

Proposition 4.1.4. Let 1 <p,q<oc ands > 0. If f €S then f € B 4 i and only
if

3 er r=Yn (2 ( [ wpar) ) <@

Furthermore,
a/p\ 1/q
inf (Z ohas (/ |br () 7 dx) )

is an equivalent norm on B} ., where the infimum is taken over all admissible repre-

sentations of f.

See [57, Theorem 2.4.7] for a proof of the following result about complex interpo-

lation of Besov spaces.

Proposition 4.1.5. Let sg,s1 € R, 1 < po, qo, p1,q1 < 00, and 0 < 6 < 1.

[fs:(l—ﬁ)so—k@sl,%:lp;f—kz%, and%:t—oe—i—% then

P0,90° "7 P1,91

(Broao Bora) iy = Boa (38)

The next proposition collects some of the computations involved in the proofs of

our results. Part (a) computes the STFT of a Gaussian with respect to a dilated
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Gaussian. The result is essentially the product of two Gaussians (one in time and the
other in frequency). Part (b) shows that the inverse Fourier transform of the Bessel
potential

m_s(w) = (1+ [af?) 2

isin M for s > d. Because M! is invariant under Fourier transforms we then conclude

that the Bessel potential m_, itself is in M* for s > d.

7'r1:2

Proposition 4.1.6. Define g(z) = e ™ and g,(x) = e~ "« . Let

ks (ma? ¢
Gy(z) = (4?1)5/2@/0 tdfe(tﬂw)%
for s,a > 0 and z € R?, and where I refers to the Gamma-function. Then the
following hold.
(8) Vog(z,w) = (325) €5 gopa (2) gus (w).
(b) Vym_s = (QW)d/z‘/;,(D%GS) € L' for s > d, where D, is the unitary dilation
operator defined by D,g(z) = |a|~%?g(z/a).

(c) m_s € M for s > d.

Proof. (a) First note that from Lemma 2.2.2 the operator D,f(t) = |a|~%? f(t/a)

where a > 0 is unitary on L?, and 5;}0 = Dl/af. Now for z,w € R? we have:

2 .
Vgag(x,w) = / 6*7"% €f2mt-w efﬂ(t,x)Q dt

Rd

_ €_§ ((a+1)t2—2at~a:+aa:2) e—27rit-w
Rd

+1 2 2
_ / e*ﬂaa ((tfailz) Jr%ﬂx ) efzﬂt.w dt
R4

2 +1 2
_ eiaLHx / efﬂaT(tfaLHz) e—27rt~w dt

a+1
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—

:ga+1( )M*ﬁ gail(w)

o a \d)2
— ()" gura (@) Mo g ()

= () e g (1) gup (),

where we have used the fact that the Fourier transform of the Gaussian g(z) = ™™
is itself, i.e., g = g¢.

(b) For s > 0 it is shown in [55, Proposition 3.1.2] that
Go(w) = (1 + 4n?|z>)~/2.
Notice for future references that G € L', see [55, Proposition 3.1.2]. Thus,
m_s(z) = (1+ |zf*) ="
= Gy(z/2m)
= (2m)"? Dy, G ()
= (21)% Dy 3, G ().
Consequently, we have that m_,(z) = (27)%? (D% Gs)(z). Therefore:
Vyh-o(,) = (22 V(D1 G,)(w,)

= 2m)¥? | D.G,(t)e TGt — x)dt,

Rd 27

= (ZW)d/2<DQLGsa Mmeg>
= (27T)d/2<Gsa D27erng>

= <G3, M% T27ra:927r>

+az) ,—2mitw/2m %
47T 3/2F s 2 /d/ ‘
R

—(t—2mx)2 /21 d_u dt
u
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_ 1 /00 efu/47rusgd71 / e*ﬁx
~ (dn)*2T(s/2) Jo Rd

(t—27x)* 27790)

6727rz't-w/27r e ™ 2 dt du
]_ & s 2
_ —u/4m  S—1 LY,
(47)PT(5/2) / o / ’
o VT - 2&@’2
€f2mt-wﬁ e*ﬂu dt du

1 e 51 21 Juw
= G T Ve g

The last equality follows from some changes of variable and by using part a. Therefore,

we have that:

(d—s)/2 oS 9 9
-« ™ —u/Anw 77.‘.47rx —r u W2
Vi-ofo.) = g | e TR
s 1
-l = 4
u G & )i u,

where we have used Lemma 2.2.2 to obtain the last equation. By changing the

variables and using the fact that f]Rd e™" dx = 1, we have:

| V|| 1 :// |Vorn_s(z,w)| dz dw

(d s)/2 0o 1
/ efu/47r U2 -1 %
23—d/2 0 (27T + u)d/2

4#212 —W#w2
e Temtu e T dwdr du
R4 Rd

| /\

7T(d—s)/Q oo N
=T | e e 39
and the last expression is finite if s > d.
(c) Follows from (b) and the comments above. O
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4.2 Embedding of Besov, Triebel-Lizorkin spaces
into modulation spaces

There are several embeddings between the Besov or Triebel-Lizorkin and modulation
spaces that can easily be derived. Some of these embeddings are summarized in the

following result.

Proposition 4.2.1. (a) B, , C L? C MPY when s >0,1<p<2, and1 < q < oo.

(b) By, C LP C MP when s >0,2<p<o0, and 1< q< oco.

Proof. (a) The first of these embeddings was mentioned in Remark 4.1.2, and its proof
can be found in [58, Remark 3, Sect. 2.3.2]. To prove the second one, let f € LP, and
let ¢ € S. Then for z,w € RY V, f(z,w) = f/ﬁ(w) Note that the f-T,g € LP
since f € L? and g € §. Moreover, since 1 < p < 2 < p’, we have that p//p > 1, and

thus using Hausdorff-Young’s inequality and Minkowski’s inequality (for integrals) we

p'/p p/p’
VoY, = (/Rd(/w\‘/gf(x,w)\pdx) dw)
p/p’
v Pd d
L (L) s

- [/, |@(w)‘p,dw)m’dx

< / - Tg(0)|Pd da

= [ [ o lote— o itas

= I/ lgllZs

have:

Hence,

Vo F oo = 1 Flnwwr < A1 fllze 11911,

which concludes the proof the second inclusion.
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(b) We now prove the second of these inclusions. Let f € LP) since 2 < p < o0,
we have that 1 < p/ < 2. Moreover, choosing g € S we see using Holder’s inequality
with p/p’ > 1, that f - T,g* € L* for almost all € R%. By using Hausdorff-Young’s

inequality as well as Young’s inequality we have that

IVl = (// Mﬂxw)'pdmw)w
B (//R P Tog(w)l? dw dx) v
- /R( G T o dt)p/ " e
B (/ ( / FOF 47— 0 @) dx) o

= (Lo ey a)”

1/p

= H|f‘p/ * |g*|p/ Lp/p"

Now notice that p > p/, and that f € L? <= |f|" € L?/?". Thus, applying Young’s

inequality with parameter p/p’ we have that

Vo FI15, < I 19"

Le/v
<A N o g™ P
= 1/11Z, gl
Consequently,
[ [apyr < gl o [1F1 o
which concludes the proof in this case. O

Other more subtle embeddings of classical spaces into modulation spaces were
obtained as byproducts of other results. For example, Grochenig in [40] and Hogan

and Lakey in [47] derived sufficient conditions for membership in the modulation
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space M! from certain uncertainty principles related to the STFT. Precisely, it was
shown that LP N FL! C M' under appropriate conditions on p,q and the weight
parameters a, b, where L2 is a weighted L” space (with weight (1 + |z|)?), and F L}
is the image of L{ under the Fourier transform. Somewhat more general embeddings
involving weighted LP spaces were given by Galperin and Grochenig in [32]. Another
interesting example appears in [45]. There, Heil, Ramanathan and Topiwala proved,
in our notation, that C*(R%?) c M°1(R??) for s > 2d, while working on a time-
frequency approach to pseudodifferential operators.

The embeddings we will prove are more difficult, and require an appropriate norm
on the Besov or Triebel-Lizorkin space in consideration, along with a correct choice
of the form of the STFT. In particular, the following equivalent forms of the STFT

(see Proposition 2.3.3) will be useful:
Vol (2,0) = (f - T.9)" (w)
— o 2mizw ‘/gf(w7 —lL')
_ 2qizw —1/ =
= e TFS - Tug) (@)
= o 2miow (f * (Mug)(x)). (40)
Our first main embedding result involves the Besov spaces and is as follows.

Theorem 4.2.2. Let 1 <p<2and1<g<oo. Ifs> d(% — 1) then

B:, C MV, (41)

Proof. Let f € By ., and use (37) to write f = > by where b, € L, and

7q’

supp(by) C {Ja] <27}, and  |f|

o0
. 1
5y, ~ inf (259 |bi1g,)
k=0

where the infimum is over all possible such representations of f. Given g € S, we

have using (40) that
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[e.o]

Vof () =) e F by - T, ) (x).

k=0
Hence by the Hausdorff-Young inequality,

VoS o)l < D IF (B - Tg)ll
k=0

<3 bk - gl oo
k=0

Therefore, by Minkowski’s inequality,

s _ 1/p
Wadlro < X[ - 7315 o)
k=0

= [1gllze Y Nbsllr. (42)
k=0

Now, by has compact support, which is contained in E, = {|z| < 2¥}. Since
1 <p<2<p, we have that p'/p > 1, and using Hélder’s inequality and Hausdorff-
Young’s inequality we obtain the following estimates
1170 = 1106115, &,

b (w) [P dw
Ey

_P &
< B bl

< O 9okd=1) ”Bk”g/
where C' is the volume of the ball of center 0 and radius 1. Thus,

lbil| o < CY2 2MG73) |1y,

1_ 1
< " 2MG73) || by || o (43)
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Substituting (43) into (42) and applying Holder’s inequality yields

N - kd(: -2
VoSl < C NGl Y 2577 bl
k=0

kd(1—5—5) oks
=C"|gll, 22 7 2Rl

/

00 1/¢
kg'd(i—L —=
< CHf”stm( E 2" G o’ d)) . (44)
k=0

The last term in (44) is finite if and only if s > d(% — I%) O

The next result recovers and extends the embedding in [45], and follows by iden-
tifying F;  with By  (see Remark 4.1.2) and by using Proposition 4.1.3 as the appro-
priate definition of BS . However, it does not include the fact that Bj, C L* = M?
for s > 0. This last embedding is obtained as corollary by using complex interpolation

methods.

Theorem 4.2.3. Let 1 <p <oo. If s> z% then

B:, C M. (45)

Proof. We divide the proof in two cases.
Case 1: p=1. Let f € B1 Lif f = Zzozo ]‘Ll(gﬁkf), then letting g(x) = e ™", we

have
Vof(@,w) =" F (fon) « FH(Tug)(@).
k=0

Therefore we have the following estimates

Vs Collr < Y IF o HILIIF G- L)y

k=0

HVfHLm<ZHf (6 Dl sup/ FG-T5)()| da

w€ERd
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o0

Z o f)llh sup V0 (z,w)| d.

—0 w€eRd JRA

However,

sup |Vy6(x,w)| de = sup M, T, g(0)| de = / lg(x)| dx < oo.
R4

weR JRE weRd JRd

Thus,

IVofllzre < gl D IF (6 Flh
k=0

o0

< gl Y27 IF (ée Nl

k=0

for all s > 0. Hence, using (33) we have that

[fllarnee < Nl [[£1]55

which concludes the proof for this case.

Case 2: Assume 1 < p < co. By (36) with p = ¢ we obtain an equivalent norm
for Fy = Bj . Let f € By then f =377/ F Y orfr). Let g(z) = e ™. Then,
using (40),

Vof(@,w) =" fux FH(on - Tug) (@),
k=0
so by Young’s convolution inequality;,

Vo Colllze < D M falle IF (@ - Tog) o
k=0

Hence, by Minkowski’s inequality and Holder’s inequality,

o0 B , 1/p'
Vo fllpowr < Z | fiell e (/Rd(||7:_1(¢k - Tg)er)” dw)
k=0
i _ , 1/p’
=Sz ([ (177 6 ) )
k=0 R4
0o 1/p 0o ) _ ) 1/p’
< (Sewin) (X [ 1Feenata)
k=0 k=0 R
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and therefore

||f||Mw’ < ||f|

> _ 1/p’
By, (D275 | F o D) dw ) (46)
Rd

k=0
Now we will estimate the terms in the summation on the right-hand side of (46).

Setting gip(x) = g(27%12), ie., g = Q%Dyﬁq , we have:
9

_ 1/p' 3
([ 1o nal o) = Wil

But, using Lemma 2.2.2, we obtain:

Vyoi(,w) = (o, M.Trg)
= (on, TuM_ )
=20V (Do r gy, TLM )
— 2(-1/2 (g, TQP%M_Q,C%[)/W:Q>
= 2072 (B Myrr, Tor-1,Dor1y)
= (1, Mar-s, Tor-1,9k)
=V, 61(2F 1w, 2 7Fw).

Therefore,

([ 176 mita)” =1
= Vi@ 2
— 2d(7k+1) 2d(k71)/p/ ||‘/‘ng§z§1||L1,p/
<2 Vgl [Vidillew: (47)

the last inequality following from the independence of the definition of the modulation

space with respect to the window used to compute the STFT (see Proposition 2.3.6).
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Using Proposition 4.1.6 with a = 2¥~!, we have that
IVggllzr = [IVyuglln = (1 +2%72)%2, (48)

Combining (46), (47) and (48) yields:

/

o 1/p
1 f I pr < Co ”fHB;,p (Z 9—kp (sd+d/p)> ) (49)
k=0

The last term in the right-hand side of (49) is finite if and only if s > d(1 —1—1)) =4 0

Corollary 4.2.4. If2<p <oo and s > d(1 — %) then

By, C MY (50)

Proof. We will prove this part by interpolating between the cases p = 2,59 > 0 and

p = 00, s1 > d. In particular, we trivially have
B3 = Fy% =H" C L =M* for sp>0, (51)
and applying Theorem 4.2.3 to p = oo yields:
B3 C M for s >d. (52)
By [57, Remark 4, Sect. 2.4.1] we have that

(B33, Bié,oo)[e} C (M*2, M)

(6]

for appropriate values of s and 6. We now apply the interpolation result of modulation
spaces Proposition 2.3.10, with py = ¢o = 2 and p; = 00,q; = 1. Hence 117 = =0
and é = 1;29 — . Consequently, % + % = 1. It follows from the above referenced

proposition that

(M2’2, Moo,l)[e] — MPa— )PP
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Similarly, if we apply the interpolation of Besov spaces Proposition 4.1.5 with so = 0,

51>d,p0:q0:2,andp1:qlzoo,hences:ﬁsl,l:ﬂ:%,i.e.,p:q. It

follows that

(Bg,2>B51 )[9} =B,

w7m p’p’
and moreover, because 0 < §# = 1 —2/p < 1, we have that p > 2, hence, s = s,0 >

d(l— %), which concludes the proof. O

Our next result yields an embedding of a fractional Sobolev space (or Bessel
potential space) into a modulation space. This can also be seen as an embedding
of the Triebel-Lizorkin space F;, into a modulation space, since Fj, = H, when

1 <p<oo[57, 58, 53].
Theorem 4.2.5. If 1 < p < oo, then

s Nl
H, C M” for s>d. (53)

Proof. Let m_,(z) = (14 |z|?)~%/? and g(z) = e~ Then for f € H, we have:
Vof(w,w) = e FN(f - T,) (w)
— 2w F(fmyg - m_ T,9) (x)
= g 2T (ffl(fms) x* F Hm_s - T,9)(x)).
Hence, by Young’s convolution inequality,
Vo f (o w)lle < [1F 7 (fmg)llee |7 (mes - Tug)l oo,

and so

Vo lom < 1l / / F s - To5) ()| do
Rd Rd

:”fHHg/ / Vom_s(w, —z)|dz dw
Rd JRd

= 1Al IVgrn—sle. (54)
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Using (39), we have that ||V m_g||,1 < oo for s > d, which concludes the proof. [

The next corollary holds only in dimension one, and gives a useful sufficient con-
dition on a function to be in M. In particular, (55) below gives a new proof of a
conjecture of Feichtinger, that W2 C M! when d = 1. We point out that another
(unpublished) proof of this conjecture was obtained by Gréchenig. The corollary fol-
lows from the identification of the Bessel potential space Hg with the Sobolev space
W?2? obtained by imposing that f and its first two (distributional) derivatives belong
to LP (p=1or p=0).

Before proving this corollary, we present the proof of the identification of Hg and
W?2P when p=1or p =2 and d = 1. We refer to [55, Sect. 6.6], and [9, Theorem

16] for more details on these identifications.

Lemma 4.2.6. Ifp=1 or p =00, let

W2 (R) = {f € L*(R) : [, /" € L*(R), || fllwes = D I/ ™[], < oo}
k=0

Then
2 2,
Hp = WP

Proof. Case I: Assume p = 1. Let f € W*(R), then f, f', f” € L*(R). Moreover,
f"(w) = —47%f(w). Thus,

Consequently,

67



and moreover,
-1 2\ f 1 "
I+ P Dl < WSl + 5 1

2
<CY N
k=0

Thus,

Wl c HE.

For the converse, let h be the function defined on R, such that

0 : x<0.

We easily obtain that for w € R, h(w) = e

Now let f € H2(R), then f € L*R) and FY((1+w?)f) € L'. Thus, g =
FYw?f) € L'. Moreover, f € L*(R) implies that f € S'(R), and so f” exists
as an element of S'(R), hence f"(w) = —4n%w? f, where the equality holds in a
distributional sense. Thus, f” = g, and g € L*(R), therefore the uniquness of the
Fourier transform implies that f” = g € L'(R).

We now show that f, f” € L*(R) implies that f” which exists as a distribution is
in L'(R). To that end, note that from the fact that f, f”,h € L'(R), we obtain that

f*h, and f” x h are both L' functions, and we have the following equalities:

—_— - ) 2 A
h* f7(w) = gf% f(w)
= (=1 +2miw + 7 " 5o) hatf(w)
f(w)

= —flw) + 2miw f(w) + T

Consequently,
hxf'"=—f+fxh+k,
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where k = F~1(2miw, f). The last equation also implies that k& € L'(R), and more-

over,
k(w) = 2miw f(w) = f'(w).
Using again the uniqueness of the Fourier transform, we conclude that f’ = k € L'(R),

and moreover,
1 e < 20 flle + (1)

where we have used the fact that ||h||;r = 1. Additionally, using the fact that

H? C L', we conclude that

2
ST BN < Ol fllaz,
k=0

thus, H? C W?!, and the proof in this case is concluded.

The case p = oo, is identical and so we omit it. O

Using the above lemma and Theorem 4.2.5 we have the following result in the

case the dimension is d = 1.

Corollary 4.2.7. Ifd =1 and p € {1,000}, then
WP(R) € M'(R). (55)

Proof. If d = 1 and p € {1, 00}, then from Lemma 4.2.6 we have that H} = W?*? and

so the proof follows from Theorem 4.2.5. 0
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CHAPTER V

BILINEAR PSEUDODIFFERENTIAL

OPERATORS ON MODULATION SPACES

In this chapter we present some applications of the modulation spaces. In particu-
lar, we study the boundedness of bilinear pseudodifferential operators on modulation
spaces, as well as the boundedness of the linear Hilbert transform.

Modulation spaces have recently been used to formulate and prove boundedness
results of linear pseudodifferential operators, which are formalisms that assign to a
distribution a linear operator in such a way that properties of the distribution can
be inferred from properties of the corresponding operator. The Weyl and the Kohn-
Nirenberg correspondences are well-known examples of pseudodifferential operators,
which can be expressed as a superposition of time-frequency shifts. In particular, if
o € 8'(R??) the Weyl correspondence associate to it the operator T, : S(R?) —
S'(R%), such that

T f = // 6(&,u) e ™ T, My du d€,
R2d

for f € S(RY). Thus, because the operator can be realized as superposition of time-
frequency shifts, the modulation spaces appear to be natural spaces in which to
formulate and prove boundedness results of such operators. We refer to [45, 42, 41],
for more details on the recent developments of pseudodifferential operators in the
realm of the modulation spaces.

In the first section of the present chapter, we deal with bilinear integral operators
(defined by a non-smooth kernel) on modulation spaces. This class of operators is

large enough to include the bilinear pseudodifferential operators with non-smooth
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symbols. In particular, we prove that symbols in the Feichtinger algebra give rise
to bounded bilinear pseudodifferential operators. We refer to [11, 13, 12, 49] for
background and more detail about these operators.

The second section is devoted to the boundedness of the linear Hilbert transform
on the modulation spaces defined on the real line. We use a discrete approach to

study the Hilbert transform, and rely on its L? theory to some extent.

5.1 Bilinear operators on modulation spaces
5.1.1 Definition and background

A bilinear pseudodifferential operator 7T}, is & priori defined through its (distributional)
symbol o € §'(R3?) as a mapping from S(R?) x S(R?) into S'(R?) by:

19w = [ [ oo f(€) om0 dean, (56)

for f,g € S(R?). A natural problem then is to find sufficient (nontrivial) conditions
on the symbol that ensure the boundedness of the operator on products of certain
Banach spaces such as Lebesgue, Sobolev, or Besov spaces [11, 13, 12, 35, 36]. For

instance, it is known that the condition
105 ¢ Oy (2, €,m)| < Caypy (L4 [€] + )71 (57)

for (z,&,m) € R3 and all multi-indices a, 3,7 is enough to prove the boundedness
of the operator defined by (56) from LP(R?) x L(R?) into L"(R?) when zla + % =1
and p,q > 1. This result was first obtained by Coifman and Meyer [11], [13], [12],
who noticed that, in general, if the symbol is smooth and has certain decay, then the
boundedness of the corresponding operator can be studied through its decomposition
into elementary operators via techniques related to Littlewood-Paley theory. Grafakos
and Torres [35] used the wavelet expansions of the Triebel-Lizorkin spaces that were

proved by Frazier and Jawerth [29, 30] to decompose instead the function on which the

operator acts, and thereby converting the boundedness question into the boundedness
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of an infinite matrix. By imposing some convenient decay conditions on the entries
of the corresponding matrix they obtain some boundedness results on the operator
side on products Triebel-Lizorkin spaces. Here again, the symbols of the operators
are assumed to be sufficiently smooth and to have decay at infinity.

In this section, we use Gabor expansions of tempered distributions in the modula-
tion spaces to prove the boundedness of bilinear integral operators with non-smooth
kernels, of which (56) will be shown to be a particular case.

Throughout this chapter, wy will denote the submultiplicative weight function
defined on R? by w,(z,y) = (1 + |z> + |y[*)*2. Moreover, we let , denote the

extension of w, on R% given by
Q(X,Y) = (ws @ws @ wg)(X,Y) = ws(21, x2) ws(x3, Y1) ws (Y2, Y3),

where X = (11, 22,73),Y = (y1,2,y3) € R¥. If A is an invertible operator on R%

we denote QSA the weight function defined by
QNX,Y) = Q(A(X,Y)),
where X, Y € R3. Additionally, we define &, on Z*¢ by @,(l,k) = w,(al, Bk) for
a, 3 >0, and QNS is defined similarly.
Before considering general bilinear integral operators, we state a result which

characterizes the modulation space M, (R*?) in terms of Gabor frames using standard

tensor product arguments; see [41, p. 272] for further details.

Proposition 5.1.1. Let ¢ € M} (R?) be such that { Mg, Tord}rneza is a Gabor frame

for L*(R?) with (canonical) dual v € M} (R?). Then K € My if and only if

K = Z <’C7 MﬁnTam7 ® MﬁlTak7 & MﬁjTai7> ]\Jﬁnjjozm(l5 & MﬁlTaka & MﬁjTaia

k,m,i,l,n,je€Z4

with unconditional convergence of the series in M, (R3?). Moreover, the norm of K

mn Mé 1s equivalent to the norm of its sequence of Gabor coefficients ((IC, Mg, Ty ®

MuTor¥ @ M Toi®)) . i jeze i Gy, (Z%).

72



5.1.2 Bilinear operators

Definition 5.1.2. A bilinear operator associated with a kernel K € S'(R3), is a

mapping Bx defined & priori from S(R?) x S(R?) into S’'(R?) by

Bl = [ [ KGe.p2) f0) o) dya, (53)
for f,g € S(RY).

One of our objectives in this section is to study the boundedness of (58) on
products of modulation spaces, and to derive from such results the boundedness of
(56). The next proposition establishes the relationship between a bilinear integral
operator and a bilinear pseudodifferential operator defined by (56). We define an

operator U acting on functions defined on R3¢ by

Uf(x,y,z) :f(x,y—x,z—x).

It easy to check that U is a unitary operator on L?, is an isomorphism on S, and

extends to an isomorphism on &’. Moreover,
U f(z,y,2) =U " f(z,y,2) = f(v,y +x,2 +2).

Proposition 5.1.3. Let T, be a bilinear pseudodifferential operator associated to a
symbol o € S'(R3?) defined by (56). Then T, is a bilinear integral operator By with
kernel K (x,y,z) = UF; '6(x,y,2), where F;* denotes the inverse Fourier transform

in the first variable, and U s the operator defined above.

Proof. For f,g € S we have:
T.(f, 9)(x) = / / o, &) F(€) 3() €4 de
Rd JRd
= [[[Jote.ccm s gte e v eim cnivcon aeagaya:
— [ [K(.0.2) 1) 9() dyz = Bic(£.9)(2),
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where
K(l‘, Y, Z) = / /O'(LZ', 57 77)@727”'5'(9*93) 6*27”'77-(,27:1:) df dn

= FyFs0(v,y —x,2 — 1)
Here, F; denotes the Fourier transform in the j variable. O

We show in the next proposition that the symbol of the bilinear pseudodifferential
operator is in M}, if and only if the corresponding integral kernel as defined in
Proposition 5.1.3 is in Més, where B is the invertible transformation defined on R%?

defined by

B(X,Y) = (z1,21 + Y2, ¥1 + Y3, T2 + T3 + Y1 + Y3, —Ta, —T3),
for X = (21, 29,23),Y = (y1, 42, 43) € R*.
Proposition 5.1.4. 0 € Mg (R*) if and only if K = UF; 6 € My (R3).

Proof. Let G € S(R3). For u = (u1,us,u3), and v = (vy,v2,v3) € R* we have

Veo(u,v) = (o, M,T,G) = (F'F'U*K, M, T,G) = (K, UF;*FM,T,G). Hence,

Vao(u,v) = e 2mituvatusvs) (¢ Miwy 4ugtus,—uz,—us) T watus o +ur) )
— ¢ s ) Vi K (uy, vy o+ U, v Uy, 01+ g + U, —Us, —Us)
= ¢ 2l atus ) Yy [ B(u, v)), (59)
where H = UF] 'G. Consequently, we have
|Vao (u,v)| = Vg K(B(u,v))].

Therefore,

/ / |VHK(u,v)|QS(u,v)dudv:/ / \Vao (B~ (u,v))|Qs(u, v) du dv
R3d JR3d R3d JR3d

:/ / Vao(u,v))|Q5 (u, v) du dv.
R3d JR3d
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Thus
||K||Mg)s = ||U||MS1]§,
and the proof is complete. O

5.1.3 A discrete model

Consider ¢ € S(R?) that generates a Gabor frame for L? with (canonical) dual
v € S(RY). We can then expand f,g and h in S(RY) as in Theorem 3.8, where the
series converge unconditionally in every modulation space norm as long as p, ¢ # oco.
Then using (58), we obtain:

Bt = [[[ | Kle2) 3 0 o) MaTono)

k,lezd

Z <ga MﬁnTam’w MﬁnTam(b(z) Z <h7 MﬁjTai7> MﬁjTai(b(x) dx dy dz

m,n€Zd i,jE€Z4

= 3 . MuTury) {g. MgnTam) (hy Mg Toiy)

wj kil mmn

/ / K (2,9, =) My Tord (@) Mt Tor () ManTomd (=) da dy d=
Rd Rd Rd

=Y DD (f MaTary) (9, ManTamy) (hy Mg Toiy) X

wj kmn lm
<BK(MﬂlTak¢7 MﬁnTam(b)a MﬁjTai(b)' (60)

The exchange of the integrals and summations above is justified since f, g, h € S have
absolutely summable Gabor coefficients. Moreover, K € S'(R*) = J -, M7, ( see
Proposition 2.3.9), and ¢ € S implies that the triple integral in the second equality

is uniformly bounded with respect to i, j, k,[,m,n € Z%. More precisely, define

M0 Tatife,m)y® (2, y, 2) = Mg Toid(x) MaTord(y) MayTomd(2).

Clearly, Mg 1) Togem® € S(R*) C M} for all s > 0. Moreover, K € M7y, where

s > 0. Thus, using the fact that the time-frequency shift operator acts isometrically
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on M! | we have
S

‘// » K (2,1, 2) Mg;Toid(2) Mgy Tard(y) My Tomd(2) da dy dz

IN

/// (z,y, 2)| ‘Mﬁ(j,l,n)Ta(i,k,m)q)(x,y,Z)| dx dydz

< K args,, 1MpGam Tt kem) @llag,
= [IKlars,, 19130, -

Therefore, to study the boundedness of By on products of modulation spaces, it

suffices to analyze the boundedness of the matrix B = (b;j yi,mn) defined by

bij,kl,mn = <BK(MﬁlTak¢7 MﬁnTam(b)a MﬁjTai¢> (61)

on products of appropriate sequence spaces.

The next theorem will be of special importance in proving our main results. In
particular, it shows that, under some mild condition on its entries, an infinite matrix
yields a bounded operator on products of sequence spaces associated with the mod-
ulation spaces. For an infinite matrix (amm k1), let O denote the bilinear operator
associated to it, i.e.,

(O(fij) gkl Za/mn ij,kl fzy Gkl
ij,kl

where (f;;) and (gi;) are sequences defined on Z.

Theorem 5.1.5. Let v be an s-moderate weight, and let 1 < p;, q;,r; < o0 fori=1,2
be such that % = p% + qil. If (amn.ijri) € %s (Z54), then O is a bounded operator from
(P2 (724) x (02 (724) into 057" (Z2Y). In particular, if (amnijx) € 0 (Z°?) then O is

a bounded operator from (P1P2(Z2%) x (4192 (Z2%) into (T2 (Z27).

Proof. Let (f;) € (27(Z2), (gu) € (2% (Z2) and (hyny) € €575(Z2) where 4,14
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are the dual indices of rq, respectively ro. We have

|<O((fz‘j)7 (9x1)), (hann))| < Z |amn,kl,ij| |fl]| | gwa| [mn|

m,n,i,j,k,l
L v(i, g L v(k,l
- Z | @ ki1 P2 | i ’722'7 § | @ kg | 1 |Gk ﬁgk,l; X
m,n,i,j,k,l »J ’
1 ~
A v(m,n)
|amn,kl,m| 1 | mn| D(m, n)
1
<C? Z | @ grig | Pt D0, 3) | fig] s (i, 7) %

m,n,i,j,k,l
1
|amn,ij,kl| a D(ka l) ‘gkl| (“Js(k7 l) X

|amni’kl|% !
L p(m,n)

| | 05 (M, )

=C° Z (|dmn,kl,ij|)1/pl | fi;] (4, 7) x

m,n,i,j,k,l
~ 1 ~
(G p1ig]) ™ Lol 7k, 1)
~ 1/r} 1
(|amn,kl,ij|) ! |hmn| m7

where

&mn,kl,ij = Qmn,klij Qs(m7 n, k, l, i, j) = Qmn,kl,ij (Ds(ma n) a)s(ka l) @S(i7 j)

We have used the fact that v, and % are s-moderate with the same constant C'. Since

pil + qil = %, or equivalently p% + q% + %, we can apply Holder’s inequality to obtain

the following;:

1

HO((fi), (g1))s (Pamn))| < 03( > Namnijal 1 £ D(z’,j)pl)p1 X

m,n,i,5,k,l

D ltmnizaal lgul™ ok, l)‘“) " x

m,n,i, .kl

7



e

(S fmnssl ol lﬁ)

m,n,i,j,k,l

<C? (SUP | fis] D(iaj)) (SE}) | gn 5(’@”) X
] )

(Sup|hmn| ) <Z > Jetmm i, kz|>

m,i,k n,j,l

p2 1
< C3 ”amn,ij,leegg (Z <Z |fij‘p1 ﬁ('l,j)p1> p1 ) p2
i J

1

<Z (Z lgr |t (K, l)ql> Z_i> %

S
N—
z\?\| =

(S (S o 5)

< C llammgialle, [1Fssllemoe il Vo nll 1

where we have used the fact that (74(Z?) C (>°(Z*?), i.e.,

itlg |£L“mn| < (Z ( Z |xm7n‘p)q/p)1/q.

n€Z4 mezd

Moreover, using the duality of the (2% spaces i.e.,

lallg1r2 = sup Z |G, mnl,

=1
172 m,n€Zd

we get that

1O((fig): (g llegrr2 < CF llammmalles, 1 (Fisllegrre ([ (gra) e

The second part of the theorem follows by choosing v = wy = 1. O

5.1.4 Boundedness of bilinear pseudodifferential operators

Our first main result of this section shows that a bilinear integral operator with kernel
in the modulation space Mé — in particular, in the Feichtinger algebra — gives rise

to a bounded operator.
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Theorem 5.1.6. Let v be an s-moderate weight, and let 1 < p;, q;,r; < oo fori=1,2
be such that pil + qil = % If K € M{_(R3), then the bilinear integral operator Bk

defined by (58) can be extended as a bounded operator from MP¥P2(R?) x M99 (R?)

into M2 (RY),

Proof. Let f,g,h € S(R?) and expand each of these functions into their Gabor se-
ries, i.e., f = >, (fs MpjTuid) M Toivy, 9 = D24 109 MaTord) MaTary, and h =
me(h, Mg Tom®) Mg, Tomy, where ¢ and v are dual Gabor frames as in Theo-
rem 2.3.11. By Proposition 5.1.1, the matrix defined by (61) belongs to gslis since
K e Més. Therefore, using Theorem 5.1.5 we have the following estimates:
[(Br(f,9),h)| = | Z Z Zamn,z‘j,kl (fs Mg Toid) (9, MaTurd) (hy MpnTom )|
mn ij

< Cllamn.ijrlley (f, MajTait) || gmrve X

H <97 MﬂlTak¢> Hﬁgl’% H <h’ MﬁnTam¢> ||ZT/1’T5

1/0

< CUE N, 1 lagzree gllaggee (AL g

1/v

by duality we obtain

1Bre (fs @llaggrre < CNE agg N Flagzre2 1191l aggree

The result then follows by standard density arguments, using the fact that S(R?) is

dense in MP for 1 < p,q < 0. U

The previous result together with Propositions 5.1.3 and 5.1.4 yields our second
main result of this chapter, which provides a sufficient condition on the symbol so
that the operator (56) is bounded on products of modulation spaces. Recall that the

invertible transformation B was defined on R% by

B(X,Y) = (z1,21 + Yo, 21 + Y3, X2 + 23 + Y1 + Y3, —T2, —T3).
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Theorem 5.1.7. Let v be an s-moderate weight, and let 1 < p;, q;,r; < o0 fori=1,2
be such that p% + qil = % If 0 € MSz(R3), then the bilinear pseudodifferential
operator T, defined by (56) can be extended to a bounded operator from MPvP2(R?) x

Mgl’qQ(Rd) into M;“"Q(]Rd).

Proof. By Proposition 5.1.4, 0 € M, if and only if K € Més, where K is the kernel

of the corresponding integral operator, and the result follows from Theorem 5.1.6. [

If we assume that v = wg = 1, and that p; = p; = p and ¢; = ¢ = ¢ (hence

r1 = ry = r), we obtain the following.

Corollary 5.1.8. Let 2 < p,qg < o0 and 1 < r < 2 be such that % —I—é = % S If
o € MY(R3?), then T, can be extended to a bounded operator from LP(R?) x Li(RY)
into L"(R?). In particular, if o € MY(R3Y), then T, has a bounded extension from

L*(RY) x L2(R%) into LY(R?).
Proof. 1f of < p,q < oo by Proposition 4.2.1 we have the following embeddings:
LP C MP?, and LT C M1.

Thus, LPx LT C MPxM49. Moreover, since 1 < r < 2, we have by the same proposition
that M™ C L". These continuous embeddings combined with Theorem 5.1.7 imply

then the result. O

Remark 5.1.9. It is remarkable that the condition ¢ € M*(R3¢) does not necessarily
imply any smoothness nor decay on the symbol. In particular, Coifman-Meyer-type

conditions (57) are not necessarily satisfied by the symbols we consider.

Assume that v(z,y) = we(z,y) = (1 + |z|? + |y|?)*/? for some s > 0, and that

pi = ¢ = 2. Let w! be the restriction of w, to R x {0}. Then the following holds.

Corollary 5.1.10. Ifo € MéB then T, can be extended as a bounded bilinear pseu-

dodifferential operator from M2 x M2 into L.,.
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Proof. Notice that M, is continuously embedded in L}, cf. [41, Prop. 12.1.4]. So,
we only need to prove that under the hypotheses of the corollary, the bilinear pseu-
dodifferential operator can be extended to a bounded operator from MZ x M2 into

Mjs. This follows from Theorem 5.1.7 by taking v = w;. O

Remark 5.1.11.  a. If the symbol o satisfies the estimates
0700 (2,€,m)| < Cay (L4 1€] + )~ (62)

for all (z,&,17) € R3 all multi-indices 3 and +, and some e > 0, then it
follows from [7, Theorem 1] that the corresponding bilinear pseudodifferential
operator is bounded from L? x L? into L'. We wish to point out that, in
general, neither that result nor Corollary 5.1.8 in this section imply each other.
On one hand, if ¢ € S(R*) then o1(x,&,n) = xjo(x)g(&, n), where X1
is the characteristic function of the unit cube in R? satisfies (62) and hence
it yields a bounded operator from L? x L? into L'. However, because o, is
not a continuous function, it is not in M!(R3¢). Therefore, our corollary does
not apply. On the other hand, functions in M' must be continuous, but there
are non-differentiable functions in M, hence they do not satisfy (62), thus |7,

Theorem 1] does not apply here.

b. Notice that (62) requires smoothness of the symbols only in the £ and n variables
whereas (57) imposes smoothness on all the variables x, ¢ and 7. Thus the two

conditions are different.

5.2 Linear Hilbert transform on the modulation
spaces

In this section, we consider the boundedness of the one-dimensional (linear) Hilbert

transform — which is a prototypical example of a singular integral operator — on
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the modulation spaces. The Hilbert transform of a function f € S(R) is defined by

1
Hf(z) =1 lim &8 gt = = lim oy (63)

=0 [t|>e T =0 lx—t|>e a

8
~

The boundedness of the Hilbert transform on the LP spaces (1 < p < 00) was es-
tablished by M. Riesz using complex variable methods. The real variable method,
initiated by Besicovitch and Titchmarsh, and further developed by Calderén and
Zygmund, establishes that the Hilbert transform is of weak-type (1, 1) (in fact, their
theory applies to more general operators). More precisely, the following estimate

holds:
o R (@) > o) < 5 [ 1fi0)]do

where C' is a constant independent of f and o > 0. Moreover, using a Fourier
approach, it is easy to prove the boundedness of the Hilbert transform on L2. Indeed,

it is known that ?I?(w) = —isign(w) f(w), where sign denotes the sign function.

Thus, using Plancherel’s theorem we obtain

1H fllzz = |[H f]| 2
= [|fllz2

= [If1lz2,

and this last equality proves the boundedness of H on L?. The weak-type (1,1) result,
and the L? boundedness together with duality and interpolation methods can be used
to prove that H is bounded on L? for 1 < p < co. We refer to [55, Sect. 2] for more
background on the Hilbert transform, and more generally, on the theory of singular
integrals.

We prove the boundedness of H on the modulation spaces MP4, for 1 < p,q < oo,
by converting the boundedness question into the boundedness of an infinite matrix

acting on appropriate sequence spaces. We achieve this goal by expanding the function
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on which H acts into their Gabor expansions, and thus we are reduced to studying
the boundedness of an associated infinite matrix on (79(Z x 7Z).

Let a, 3 > 0 be given, and let ¢,7 € S(R) be such that supp(y) C (0,5) and
4 > 0. Assume, moreover, that {Mp,Tor@}rn, and { Mg, Tory}rn are dual Gabor
frames for L*(R). Then { Mg, Tor® i and { Mg, Tory }in are also dual Gabor frames

for all the modulation spaces MP4(R) (see Theorem 2.3.11).

Proposition 5.2.1. Let f,g € S(R), then
<Hf7 g) = Z Z <f7 MﬂnTam¢> <ga MﬁlTak¢> <HMﬂnTam’ya M,@lTak’y>‘ (64)
m,neL k,IEL
Proof. 1f f,g € S(R), then we can expand them into their Gabor expansions, i.e.,
f= > (f ManTom@) MgnTamy, and g =Y (g, MauTurd) MaTor,
m,neL k,leZ
with unconditional convergence in any modulation space. In particular, the assump-
tions on f, g, ¢, and v imply that the Gabor coefficients of f and g are absolutely

summable. Then we have:
(Hf.q) / Hf(z) gl

/RZ {9 MoTod) H () - My T () v

kl€Z

Because H is bounded on L? we have that for each k,n € Z, H f - Mg Ty € L*(R).

Moreover, since (g, Mg Tor¢) € £1(Z x Z), we can apply Fubini’s Theorem to obtain:

(H1.9) = 3 Moo | Hi(w) ST (o) do (65)

k,l€Z

Further, the adjoint H* of H is bounded on L? (in fact, one can show that H* =
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—H), so we have the following:

/RHf@) Mg Toxy () de = (H f, Mg Tary)
= (f, H* Mg/ T o)
= —(f, HMgToi)

= ) {f, Mg Tom®) (HMpTomy, MaTory).  (66)

mne”

We can now use (65) and (66) to obtain;

<Hf: g> = Z Z(fa MﬁnTam(b) <gv MﬁlTak¢> <HMﬁnTam77 MﬁlTak7>' (67)

k,l mmn

We denote A, 5., the sequence defined for (k,1) € Z* by

Aapy (k1) = [V34 (8L, ak)|.

The choice of the window ~ implies in particular that v € M, hence

> Aupy(k,1) < 0.

1,k€EZ

We can use the above proposition to prove the following.

Proposition 5.2.2. If f,g € S(R), then

|<Hf7 g>| < Z Z Aa,ﬁﬂ(m -kl - n) |<fa MﬁnTam¢>| |<ga MﬁlTak¢>|' (68)

m,neZ k,lEL

Proof. Let S be the sign function defined by

-1 r <0,
S(x) = sign(z) = 0 : z=0,
+1 x>0
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We use again the L2-theory of the Hilbert transform. In particular, using the Fourier

transform we have

<HMﬁnTam’7a MﬁlTak’7> - <(HMﬁnTam7)/\a (MﬁlTak’y)/\>
- _Z<S : (MﬁnTozm/Y)/\a (MﬁlTak’y)/\>
_ _iezm'aﬁ(kl—mn) <S . MfamTﬁn’Aya M—akTﬁl’w

— iSOV (T, 8) - A)(B( — n),a(m — F)). (69)
With that choice of v it is easy to see that for all n € Z,
T30S -4 = 4. (70)
Hence, (69) becomes
(H Mo Tom, Mot Tosy) = e 0-0V,5(50 = n),a(m — k). (71)
By putting all the above together into (65) we have

Hf g =+ Z Z 2miefk(n— l (ﬁ(l_ ) (m k)) <f7 MﬂnTam¢> <gv MﬂlTak¢>'
m,n€”Z k,l€Z

(72)

Taking the magnitude of both sides then yields the desired result. O

We are now ready to prove the boundedness of the Hilbert transform on all the

modulation spaces MP¢ with 1 < p,q < oo.

Theorem 5.2.3. Let 1 < p,q < oo, then the Hilbert transform H extends to a
bounded linear operator on MP 1. In particular, for any f € MP9 we have the following

estimate:

HHfHMP»q S C ||f||Mp,q,

for some positive constant C' independent of f.
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Proof. Let f,g € S(R), then, by Proposition 68, we have that

|<vag>| < Z |<f’MﬁnTam¢>| ZAa,ﬁv"/(m_k’l_n)|<gaMﬁlTak¢>|

m,nez k€2

= Z |<f’ MﬁnTam¢>| (Aaﬂﬂ * |<g’ Mﬁ'Ta-¢>|(m’ n))

< I{f, MaTo ) eva || Aapy * (g Mp.To- )|l .
< HAaﬂﬁHZl ||<fa M6~Ta-¢>”€?vq ||<g, M6~Ta¢>”eﬁﬂq’

< Clvllar [[f lazea llgl agora-

We have used Young’s inequality to obtain the fourth inequality. By duality we then

obtain

IH fllama < C oyl [1fl|azea-

The result then follows since S(R) is a dense subspace of each of the modulation

spaces MP4 for 1 < p,q < o0. U

Remark 5.2.4. The technique that we use to prove the boundedness of H on the
modulation spaces is different from the one used in the LP theory, but relies heavily
on the L? theory.

We remark that the H cannot be bounded on the Feichtinger algebra M?'. To
see this notice that M! is a dense subspace of L?, and that functions in M are

continuous. Since M? is invariant under the Fourier transform, it is easy to see that

for f e M1,
Hf e M' < Hf e M
However, ﬁ? =-S5 f , and this function cannot belong to M* since it has a discon-

tinuity at the origin.
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